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Solutions to Chapter 1:
Combinatorics

Solution to Problem 1.1:

a) There are 10 choices for the first place, and then 9 for the 2"¢, etc., so that there are 10! =
3.6288 x 106 possibilities.

b) Counsider just the statistics books: there are 5! = 120 ways of arranging them. Likewise,
there are 3! = 6 ways of arranging the econometrics books and 2! = 2 ways for the German
books. Thus, there are 120 - 6 - 2 = 1440 ways of arranging the books in the order: statistics,
econometrics, German. But, as the subject order is irrelevant, there are 1440 - (3!) = 8640
possible arrangements.

Solution to Problem 1.2:
a) 4L
b) 1. The (2‘}2) = 6 possibilities are

A B
{P1, P} {Ps, P4}
{P1,P3} {P, Py}
{P1,P;} {P,Ps}
{Ps3, Py} {P1, P2}
{P2, Py} {P,P3}
{Py,P3}  {Pi, Py}

o otn|lw o = 3k

2. That means the distinction between A and B is no longer there, so that there are only
6/2 = 3 groups (either the first three or the last three in the above table.

Solution to Problem 1.3:

a) Of all the 11! = 3.9917 x 107 possible “people” combinations, no distinction can be made
between the Germans, and likewise for the foreigners, so that there are only 11!/ (8!3!) = 165
combinations. (Why is 11! — 8! — 3! wrong?)

b) How many ways can one choose 5 objects from 117 Almost by definition, this is given by

(5) = sty = 462.

c) That means, we must pick 4 (from 8) Germans, and 1 (from 3) foreigners, or () (3) =70-3 =
210.

d) We can pick exactly 1 foreigner, which we just saw has 210 possibilities, or exactly 2 foreigners,

for which there are (2) (g) = 168 ways, or we pick exactly 3 foreigners, with (g) (2) =28-1=28

ways, so that in total, we have 210 + 168 + 28 = 406 ways. Alternatively, we could write
(151) — (g) = 406. Similar to Example 1.2, observe that (f) (140) = 630 is not correct because
duplication is not taken into account.



e) There are (i’) = 3 ways of picking the foreigner, and we must choose 4 of the 8 Germans. If we
pick neither of the feuding Germans, we have (i) = 15 possibilities. If we pick one of them, we

have to choose 3 from 8 — 2 Germans, or (g), as well as one of the two (that is, (f)) feuders.

f) There are (:13) ways of picking the foreigner, so we must pick 4 Germans. Either we pick both
“ buddies”, so we must choose 2 more from the remaining 6; or we pick neither of them, so we
must pick 4 from the remaining 6. Thus we have

M{E)E)+ Q) =s0sr19=0

Solution to Problem 1.4: (Note that (1.54) is precisely (1.12), just with a change of notation.) To
prove (1.54) by induction over k, take k = 0 to get

different ways.

showing that (1.54) is true for £ = 0. Now assume the relation holds for k£ and we need to show
that it holds for k£ + 1, i.e., that

i <n +k+ 1>x” B 1
n=0 k+1 (1 - x)k+2
or, from (1.54) with k, that

EC) e SO

n=0

or, with h = n + 1, that

= (n+k+1\ , —~(n+k+1\ , ~=(n+k+1\ .
(1_x)z< k41 )x - Z( k41 )x - 0< k41 )x

n=0 n=0

I A e A A
= (k+1>x +nz_:1< k1 )x hz_1<k+1)x

n+k+1 n+k
1 _ n
+ZK k41 ) (k+1>}x
i(rH—k:)n
+
k

)n

ifl

(1 _ x)k+1
from (1.4) and (1.54) with k. Dividing both sides by 1 — x finishes the induction argument.
Solution to Problem 1.5: From (1.11) with ¢t = —1/2 and = = 4a,

1

Nievrin (1—4a)V? = g (_1/2) (—4a)’

and, from (1.10),

B (w0 o (e -E ()

1=0



Solution to Problem 1.6: From (1.4), showing

: (1 (1-1
-1y’ =(-1)"

S (5) = ()

is equivalent to showing that

B ()R () ()
or zl_;(—l)j (;_11) " '_zizl(_l)j (lj1> =0

or, substituting £ = j + 1 into the second term and factoring out a —1,

'(—1)j (j:i) + (—1)%(—1)’“ (;:D = 0.

% c=1

l
Jj=

Replacing k& with j and recalling that, in general, (Z) = 0 for n < k, the last term in the second
sum is zero, so that we get

1 1

i (1—1 (1—1

-1y’ -1 -1y’

Sy (1)) renX e (1)),
J= Jj=t

which is identically zero, as was to be shown.

Solution to Problem 1.7:

a) From the binomial theorem (1.18),

<vw”jnjC;QeMﬁ

so that

n n
Bi,n = §

S5 () ()

From the following tables of the indices,

J k 7 l=j5+k

i 0 1 2 n—1 ) [ i+1 i4+2 -+ n
i+ 1 0 1 o o n—i—1 i+ 1 i+1 +2 .- n
n—1 / n—1| n-1

n 0 n n

it is clear that, for [ = j + k,

Bi,n = Z

Sz ()0

J=1
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Then A;, and B, , are equivalent if the coeflicients of like powers of p are the same in both
i (l—1\ (n l i(n—7\[(n
1 l—1 _ 1 l—j
()0 -z (5)0)
n—7j\(n\ _ (n—j)! n! i ! n! [\ (n
1—3)\G) (U=N'n=D'j'(n—5"0 (=N Un-0" \j/\1)

S ()l

i=i

expressions, i.e., if

or, as

if

This was, however, shown in Problem 1.6, so that A;,, and B;,, are indeed equal.

b) To show that A;,, = B, for all n € N and 1 < ¢ < n, use induction on n —i. For n —i =0,
i.e., 1 = n, the assertion is true; one easily checks

An,n = Pn = Bn,n~ (S—].l)

It suffices to show A; ,, — Ait1,n = Bin — Bit1,n for all 1 <4 < n because then A;,, — B; , =
Aiv1n — Biy1n and, from (S-1.1), Ap_1, — Bp—1,n =0, etc. For 1 <n <mn,

et = S () 07) ()
- B (- (S ()

S (2 () B ()
(?>pi :Z:O (";ZZ) (-p)* = (?)pi(l -

using (1.4) and (1.18). On the other hand, it is easy to see that

I
1

LAWK —i
Bin—Biyin= (Z,>pz(1 —p)"Y
and we are done.

Solution to Problem 1.8: Substitute ¢ = y — k so that
Y120\ [y : O /2y —2k\ [ y
ZE(&/)(Z)( ) 2 Yy y—k -

y—k\ [(2y — 2k _k
o (_1) )
k y—k
where the latter equality follows because

(2y—2k>( y ) _ (2y — 2k)! y!
y y—k Yt (y — 2k)! (y — k)!K!
(y — k)! (2y — 2k)! y—k\ (2y — 2k
N k‘!(y—%)!(y—k)!(y—k)!_( k >(y—k>

Either binomial coefficient (Qy;%) or (y;k) implies k& < y/2 which, for y even or odd, is given by
k<ly/2].

S
Il
<

[
M«

x~
Il
=]




Solution to Problem 1.9: Expressing the factorials as a binomial coefficient and letting x =y — 1,

n n

> w2 (1)

y=1 y=1
S -1\ (@41 TR (a1 (e 4 1)
720 x ne+l 7520 x nt
r= r=

= - (n —i)n'. (5-1.2)
Splitting up the n — i term gives
1 [&nl i X (n—1)! i (n—1) [Eanitl &2 g
W{Zi!n_;(i—l)!n = _;(i—l)!

or, with j =17 — 1,

n—1) | it 122 it n—1)! n"
(n") Z 1! _Z j :( n") {(nl)!}:L

|
i=0 =0 7

Knowing that the sum is one, it follows directly from (S-1.2) that

s (” A 1) (n— i)',

Solution to Problem 1.10:

(r+z+1> :i((r—kmn—:i)j—j—l) :i(T—Zﬁ—z>

=0 i=0

a) From (1.5),

using the substitution i = m — j and reversing the order of summation.

and with m = n and k = n and the fact that (nﬁl) = (7;), the result follows.

) For M =1,

from (1.4). Assume that the identity holds for M. Then, for M + 1,

S (0

=0

b) From (1.28),
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d)

is equal to

(o) 2 () + (1))

L) LR
) (o 8 ()
<k+M+1) (i:ﬁ>+<kf1++MM>_<k+A]§+1)
(Frweh).

again from (1.4) and the proof is complete. The second method of proof is as follows. From
the binomial theorem, the lhs of (1.56) is

=0 j=0
with coefficient of x* being

£ -0

The result now follows because the rhs of (1.56) is

N+M (N—I—M> iy
Z 7 x ’

i=0

. . k . N+M
with the coefficient of z* being () 7)-
Let

" /r ; i1
A= T (b —a)! ——.
jz_%(j)“ b=

Multiply A by r + 1 and b — a and use

G -waom- ()

to get, withg=j7+1and s=r+1,

b—a)(r+1)A = j; (;‘ 1 1) a3 (b— )y
-5 ()
) Z_;(Z) - - (§)a0 0

ie.,



Solution to Problem 1.11:
a) From (1.9), it follows that

e () e () ()

so that the rhs of the desired equation is

E ()

(1.28) y(—(ri+r2)\ o) (ri+rea+y—1

b) The desired equality is equivalent to stating

BB S )

k=0 =0

oN = EN: <N§ z) @) (S-1.3)

=0

or

But (S-1.3) holds, because, from (1.14), it follows that

n—1 . %
n+i—1 1
2n—1 _ -
("G
=0
which is the same as (S-1.3) with N = n — 1. A probabilistic proof of this is given in Example
4.13.

) From (1.4),
31 v I oA { G B Gy | B i G B ol iy
- (e

and applying this recursively gives

507 - G

7

)

- 2n—1 49 2n — 2 ! 2n — 3 + + n
a n—1 n—2 n—3 0
& 121<2n 1- z)

pare n—1—1

Solution to Problem 1.12:



a) Forn=0,

],\4]_1 (Jj) SO <_1)§: (7) (-1 - (](\)[> (—=1)°*" — (JJ:;) (—1)N+

i=0
(-1)- 041+ (-D)Y
- 2, if N is even,

B 0, if NV is odd.

from the binomial theorem (with z = —1 and y = 1). As an aside, note that (1.60) can
equivalently be expressed as

0:%(7) (N]V_i>n(—1)i+1, 1<n<N-1, (S-1.4)

=0

but that, for n = 0, one has to be careful how 0° is treated. See the remark on page 36.

For n =1, with
N\ (N-i\ (N-1
i N ) i )

it follows from the binomial theorem that

Nil @f) (NA; Z) COREESE ‘1 (Nl— 1) (-1)' =1

i=1 7

2

Il
=)

Before starting the induction proof, we calculate the sum in (1.60) for N = n. For values N =

.01 7 29 601 1561933 639999985150744579 8
2,3,4,5,10 and 20, Maple gives 3, 5, 53, 625+ 1562500 214 G10000000000000000 ~ 1 —2-3202x 107

respectively, so that the identity does not hold for N = n (or, in fact, for any n > N), but
quickly approaches one.

For the induction argument, P (n, N) is equal to
= (N (N —i\" i+1
(5 e
i
i=1
N-1 A\ N N—-1 L\ N
N —1 z+1 + N —1 (_1)i+1
] N —~ \i-1 N

P(n+1,N)+ Z, (S-1.5)

where the first term follows by writing

()= () (59

and combining into the combinatoric, and the second term in (S-1.5) is labeled Z just for
convenience. Thus, in order for (1.60) to hold, Z must be zero. But, with j =i — 1,

() e - EC )

RO (Y o

(N
- (% > P B () ) e
. |

Z

Jj=



This last expression is zero if P (n, N — 1) = 1, which holds only for n < N — 2. In that case,
P(n,N)= P(n+1,N), which is one from the result for P (1, N), but only if n +1 < N —1
or, again, n < N — 2. The fact that the result also holds for n = N — 1 is not in this proof and
would have to be shown separately. For example, with N =5 and n = 4, P (n, N) is indeed 1,
but P (n+ 1, N) = 601/625 and Z = 24/625.

An alternative proof which encompasses the n = N — 1 case is as follows. Directly from the
above decomposition, we have

P(n+1,N)=P(n,N)— (NN_l) (1= P(n,N —1)),

so that, changing n 4+ 1 to n,

P(n,N)=P(n—1,N) - <NN_1>M 1-P(n—1,N—-1)). (S-1.6)

From this, P (n, N) can be recursively calculated using the initial conditions P (1,a) = 1 for
a > 2. So, assuming P(n —1,N)=1forn—1< (N —1)—1, then, from (S-1.6),

N -1 n—1
Pn,N)=1— 2= 1-1)=1
m=1-(5) a-
for n < N — 1. (Notice that, if n <N —1,thenn—1<N-landn—-1<(N-1)-1.)
b) Starting from (S-1.4), this can be easily expressed as
N N
N ; N ;

0=N" N —i)" (=)' = in (1)

S () v j}_oj(j)y (N

for 1 < n < N —1, with j = N — i and reversing the summation order. The next exercise
shows that Q (N, N) = —N!, which differs greatly from 0 as N grows!

¢) With 0° =1, M (0) = 1 and it is simple to see that M (1) = 1. Then, for N + 1,

N+1
M(N+1) = Z (Nj l)jN“ (-
N+ 1 . —q
_ ;<i+1> <Z+1)N+1 (_1)1\/
N
= (N+1)) (]2[) i+ 1N ()N
=0

= (N+1)M(N)=(N+1)

Solution to Problem 1.13: To prove (1.61), i.e., the identity
y
3 <n+y> (—1) = <n+y— 1)
PN A y

for n > 1 and y > 0, first note that it holds for y = 0 and y = 1. To use induction, assume (1.61)
holds for y, define h, = (”‘LZ*l) for convenience and use (1.4) to get

(AT ol {VAs) RN T3
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Then, using (1.61) (which is allowed, because we assume it holds for y), the previous expression is,

with j =i — 1,

y+1 n+ty ) n+y y+1 n+y .
_1z: _11
hy+Z(y+1i)( ) hy+<y+1)+z<y+1i>< )

i=1

n+y
= hy,+h —hy, = .
y Tyt Y <y+1)

Solution to Problem 1.14:

a) Using (1.6) expressed as

- )22 () )

because
ng n+x—1\ Nin(n—i—x—l)wwl7Ni71(n+x)~~n
x N (x —1)! B x!
=1 =1 x=0

> (") =l o) =)
= n =nNn =N .
= T N-n-1 n+1

Now define Z () to be the rhs of (1.17) and assume that (1.17) is valid for ¢ — 1. Then, with
(g) =0 for a <b,

Z0) = :Nn(””_l)(N__”_x)(N—n—x—z'+1)
N

(an);(iq) . % :x<n+§1) (Ni_nlx)

I
N
—
\
—_
=
\

and

_ ”N:z:“) (nzx)<N—(?_+ll)—x) _ ?((nJrl)]i(i_l))



so that

Z(0) = N_ni_i+l(n+J:7—l> ?<N>

- {10 - G

proving (1.17).
b) For the lhs of (1.62),

3

()0, )
O ()
Do)
LEE (L))

from (1.61). For the rhs of (1.62),

S

|
i=y v =y

nn+1)---(n+y—1) Nﬁn(n+i—1)'-~(n+y)
y! ;J (i —y)!

<n+y—1>N‘z”:‘”<n+g’+y—1)_(n+y—1>( N )
y = J y n+ty)’

where the second to last summand is one for i =y, (n+y) for i = y + 1, etc.

c) Cancel p” from both sides of (1.63) and substitute
a-p' =3 () vt
k=0
into the lhs of (1.63) and
N-—-n—i Cn—i
k=0

into the rhs, to get

i Z ("“”) <k> s NZNZ 1 (n+> (N ‘,f‘i> COS (1)

with equality holding when the coefficients of p¢ coincide in both polynomials, ¢ = 0,1,..., N—
n. The double sum on the lhs of (S-1.7) is the same as Z Ziv &, so that, substituting
y = k, the lhs of (S-1.7) is

EerE ()0



The order change in the double sum is easily seen by using the table below. The double

sum SN ™S starts with the leftmost column and works downwards, while Y n " SN "

starts with the top row and counts across.

0 1 2 N-—n
0 0 0 0
1 1 1
k 2 2
¢ :

N —n

Now consider the rhs of (S-1.7), which by similar reasoning is equal to

N—n Yy .

N N—-—n—1 ;

S < > ( , ) (=1)" pv. (S-1.9)

V=0 o\ +1 Yy—1
The result now follows, because the equality of (S-1.8) and (S-1.9) is the same as (1.62).

A probabilistic proof of (1.63) is given in §3.3.

Solution to Problem 1.15:

a)

Listing S-1.1 gives a program which implements the switching method. The following code
was run to simulate the performance.

N=30; s=1000; m = zeros(s,N);
for i=1:s, m(4,:)=permvecswitch(N); end

The subsequent command plot(1:30,mean(store),’r-o’) produced Figure S-1.1, which
shows the mean (over the 1000 simulations) of each column of matrix store. We see clearly
that there is a tendency for the initial elements of the random permutation vector to be
small. Figure S-1.2 shows the frequencies associated with the first element of the output
vector. It was produced with xx=tabulate(store(:,1)); plot(xx(:,1),xx(:,2),’ro’);
grid, where tabulate is a built—in Matlab function which computes the frequencies of elements
in a vector.

function y = permvecswitch(N)

y=1:N;

for i=1:N
p = unidrnd(N);

temp = y(i); y(i) = y(p); y(p)=temp; % switch the two elements
end
Program Listing S-1.1: Returns a random permutation of vector (1,2,..., N) by switching N pairs of elements
b) Listing S-1.2 shows one method of accomplishing this. It simply switches each value which

Solution to Problem 1.16: With u =

overlaps with a another randomly chosen element of the vector.

1 1-— 1
, T = uanddmz——du,
1+x U u?

0 1 1
_un\1/2 2
L))

u u

(g g p (L) JA2TO2)
_/o (1—w) "d B<2’2) T(1) :

This integral (and many others) can also be resolved using contour integration (see, e.g., Bak and
Newman, 1997, p. 138).
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Figure S-1.1: Mean for each of the 30 positions computed from 1000 simulated output vectors of permvecswitch(30)

100

90 - =} -

80 - -

70 4

40 I I I I I
o 5 10 15 20 25 30

Figure S-1.2: Empirical frequencies of the first position of the output vector

Solution to Problem 1.17: First take n = 0, so that I := [ = fooo (w2 + a)_l dx. Trial and error
shows that u = a/ (Jc2 + a) is a good substitution, with

_ 1/2 _ —1/2
z=a? (1 u> ) afx:—al/21 <1u> uidu’

U 2 U

so that

0 —-1/2 -1/2 1
1/1- 1 -
I = —/ a2z (u) —2du:a / w2 (1 —u) " du
1 a 2 U U 2 0

a2 _ (11 a 2T (1/2)T (1/2) 7r
2 B<2’2>_

2 r(1) 2/a’

Exchanging derivative and integral,
dl * d 1 ° _9
e _ 2 dr=— 2 d
da /0 daz?+a’ /0 (2% +a) " da,

dri o —(n+1)
— =(-1)"n! 2 dx.
Tan (-D)"n /0 (z° +a) x

Now using I = (7/2) a~'/?, it is easy to see that

an_ﬂ'(_l)n<135 2n—1>a_(2n+1)/2

and, more generally,

da™ 222 2

15



function y=permvec_pure(N)
y = permvec(N); cc=(1:N)’;

olap = (cc == y); % compute a boolean vector where overlap occurred

if sum(olap)>0
oldy = y; % just keep this in case we want to print the results
loc=find(olap); % loc is vector of locations where overlap occurred

for i=1:sum(olap) % switch the offending entry with another element
r=loc(i);
while r==loc(i) % get another element
r=unidrnd (N) ;

end
temp = y(r); y(r) = y(loc(i)); y(loc(i)) = temp;
end
if 1==1 7 show the changes that had to be made
loc
check = [(1:N)’ oldy y]
end
end
Program Listing S-1.2: Output vector y is a permutation of vector (1,2,..., N) with no ’coincidences’

so that, equating the two expressions,

J T R P
o (224a)"™ 2\246 m

Solution to Problem 1.18: From the hint, let

x—At+B so that t—iB_Dx
- Ct+D’ C Cz— A
When 2 =0,t=0if A#20and B=0. Whena=1,t=1if —(C—-—A)=D—-B,or A=C+ D.
That is, let
,(CEDE g (CEDID,
Ct+D (Ct+ D)

Thus, with 1 —2z=D(1—-1t) / (Ct+ D),

(C+D)t)a71 (%(:5));,71 (c+D)D

;o ! ( Ci+D
a /0 ((C+D)t +k>a+” (Ct+ D)?

Ct+D
B /1 to=1(1—t)""'(C+D)* D" u
o (C+D)t+k(Ct+D)*™

Some trial and error reveals that the constraint C' + D = —Ck leads to the simplification of the
denominator term as

(C+ D)t +k(Ct+D)=—Ckt+kCt + kD = kD = —Ck (k + 1),

so that, substituting and simplifying,

1
1
I = et - ——
/o 0 e

which gives the answer.
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Solution to Problem 1.19: Using integration by parts,

1 1

/_1(m2—1)jdm:/_1(x—1)j(x+1)jdx

(S5

1 . 1t L . _
= — 1) 1 Jj+1 _ / -1 Jj—1 1 Jj+1 d
EE R B o VT ER VP

:(_1)3-% /_11 (z— 1) (@ + 1) da.

Repeating this,

1

__ J 2 — 1)~z 4 1)+
- [o+nu+2ﬁ D) ]

—1)? 1Mx, I=2(g I*2 o
O [ GG Y e
jG—1)

G+DG+2)

-1

=(-1)? /11 (@ =17z + 1) da

PRIV R LA LT,
=V gz [, e v

(x+1)2j+1}1 _ (71)j22j+1
1 (QJJ)( j+1)

i1
()(2]1)[ 2j +1
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Solutions to Chapter 2:
Probability Spaces and Counting

Solution to Problem 2.1:
a) This follows directly from property (iv).
b) As B =AU AB, De Morgan’s law gives B = AN (AU B) = AB so that B C A.
c) If An B implies C, then AN B C C. From De Morgan’s law and the previous question, this

is the same as C' C AU B. The result now follows from (ii) and (vi), i.e.,

Pr (C) < Pr(AUB) < Pr(4) + Pr (B).

Solution to Problem 2.2:
a) Pr(AuUB)>Pr(A)and Pr(AUB) > Pr(B) or

Pr(AUB) > max {Pr(A4),Pr(B)} = 3/4.
b) Similarly, the upper bound is Pr(AB) < min{Pr(A),Pr(B)} = 3/8. From Bonferroni’s
equality Pr(AB) > Pr(A)+Pr(B) —1=1/8.

Solution to Problem 2.3:
(i) Pr(0) = 0. Define A; = 0 Vi so that 0 = |J;=; A; and, from additivity,

Pr () = Pr (U Ai> = ZPr(Ai) = ZPr (0),

which is only satisfied for Pr () = 0.

(ii) If A C B, then Pr(A) < Pr(B). Decompose event B as B = AU AB and note that A and
AB are disjoint. From the finite additivity property, Pr(B) = Pr(A) + Pr (le) and, from
nonnegativity of Pr(-), Pr (AB) > 0, so that Pr(A) < Pr(B).

(iii) Pr(A4) < 1. From (ii) with A C Q, Pr(4) <Pr(Q2) = 1.

(iv) Pr(A°) =1 —Pr(A4). As A° and A are disjoint but exhaust €, from Pr () = 1 and finite
additivity,
1=Pr(Q)=Pr(AUA®) =Pr(A)+Pr(4°.

(v) Pr(UZ, 4;) <>;2, Pr(4;). Define disjoint events
By = A; and B7;:Ai\(A1UA2U"'UAZ‘_1), > 1,

so that, from additivity, Pr (U=, 4;) = Pr(Ujeq Bi) = >_soq Pr(B;). From (ii), Pr(B;) <
Pr(A4;), 7> 1, so that Y oo, Pr(B;) <> .2, Pr(4;), yielding the result.
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(vi) Pr(AUB) =Pr(A) +Pr(B) — Pr(AN B). By decomposing AU B into three disjoint sets,
AUB=(A\B)U(B\A)U(ANB)
or, from countable additivity,
Pr(AuB)=Pr(A\B)+Pr(B\A)+Pr(AnB). (S-2.1)

Similarly for A and B, A= (ANB)U(A\ B) and B= (AN B) U (B\ A), so that countable
additivity and (S-2.1) imply that

Pr(A)+Pr(B) = Pr(ANB)+Pr(A\B)+Pr(ANB)+Pr(B\A)
= Pr(AUB)+Pr(AnDB).

Subtracting Pr (A N B) from both sides yields the result.

Solution to Problem 2.4: Use of De Morgan’s law and Poincaré’s theorem gives

() = r(U)

n
But De Morgan’s law implies

= 1= DTS, s= Y Pr(ag ;).

i=1 i1 <<

Pr (A§1~~~A§j> =1 Pr (A, UA;, - UA),

so that, using the definition of R; given in the problem,

n
5 (1)-n
J ] J
Substituting,

Pr <é AZ-) —1- i(—n”l K’Z) - Ri] —1- : (—1)*! (7) + i: (—1)*'R;

i=1 %
and the result follows, because of the binomial theorem (1.18), i.e.,

1- zn: (1) G) - En: (-1’ C‘) = zn: (—1)F 1 (7;) =(-14+1)" =0.

i=1 =0 =0

Solution to Problem 2.5: The second equality in (2.24) follows from the countable additivity property,
the fourth equality follows because the B; are disjoint, the fifth equality is (A.4) and the sixth
equality follows because the A; are monotone increasing.

Solution to Problem 2.6:

a) Writing out the terms for when he discards the keys which do not work, we get

n—1 n—2 n—(k—1) 1 .
n n—-1 n—(k:—?).n—(k—l)_l/n'

b) If he does not discard, then the probability is (n — 1) ™' n=*.

Solution to Problem 2.7:

a) The first person can sit in any of three cars, the same for the second, etc., so that N = 35 = 729.
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b) Of the four remaining people, they have one of two cars to choose from, or 2* = 16 possibilities,
times (g) = 15 ways of selecting the two people who sit in the first car. Thus, the probability
is 16 x 15/729.

Solution to Problem 2.8:

a) There are 3! ways of arranging the men in the first 3 chairs and 3! ways of arranging the
women in chairs 4 through 6. Because we can switch the “block” of men and women, we have
2. (3!)2 ways, divided by the total number of ways of arranging 6 people in a row, 6!, yielding
0.1.

b) If we view the 3 men as a block, then we have 4 “objects” to arrange (the block of 3 men and
3 individual women), which can be done in 4! ways. Within the block of men, there are 3!
arrangements, so the probability is 4! - 3! /6! = 0.2.

c) Let both iy,i9,i3 and ji, j2, j3 be all permutations of {1,2,3}, let M; denote the i*" man and
W, denote the j'" woman. Then there are 10 possible orderings, seen as follows. The most
obvious is obtained by simply alternating the men and women, i.e.,

Aﬁlvmﬁiaﬁﬂzamcévﬂﬂévmﬁk

and, reversing it,

Wi, My, Wiy,

«N@eamﬁsrwﬁs-

In addition, (dropping the subscripts),
MWWMWM, MWMWWM, MMWWMW, WMWWMM,
WMMWMW, MWWMMW, WMWMMW and WMMWWM.

For each, there are 3!-3! different ways of arranging the men and women, yielding a probability
of 10- (3!)* /6! = 0.5. Have we missed any combinations?

Solution to Problem 2.9: Take b = 4 for simplicity. Imagine placing the 4 beans into the 4 pieces of
cake as follows. The first bean can go anywhere. The second has a 3/4 chance of getting into a
piece of cake without a bean. The next bean has a 2/4 chance, the last a 1/4 chance, giving

321 4321 bl

444 4444 b
The suggestion K 15,1(;) /K, lg?b) is faulty because it assumes that all of the K é?b) arrangements are equally

likely, which they are not.

Solution to Problem 2.10: Let B (and G) be the events that you have at least one boy (girl). Then,
from De Morgan’s law,

Pr(BUG)=1-Pr(BUG)=1-Pr(BNG)=1-Pr(B) - Pr(G),

where the last equality follows because B and G are mutually exclusive, assuming n > 0. Assuming
the probability of either gender is 0.5, this is

- () - (E) =1
2 2 2n—1
Solving, n > 1—1In(1 —«)/In2.

For example, with aw = 0.5, n > 2, while for a = 0.95, n > 6 and, for « = 0.999, n > 11.

Solution to Problem 2.11: Directly,

Pr(lsttr)+---+Pr(5thtr)_1+@§+706910+70696810+7069686710
Y Y) =87 8079 T 807978 T 80797877 8079 78 77 76

or (850)_1 S0 ("9 (;”°) or 1 — Pr(no underweight found) = 1 — (V) (7) /(%) = 0.49655.

i 5—1
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Solution to Problem 2.12: There are (i’) (937) ways of selecting 1 of the three winning tickets and 3 of
the 97 non—winning tickets; dividing this by the total number of ways of choosing 4 tickets out of
the set of 100, or (120)7 gives the probability of exactly one winning ticket. As having 1, 2, or 3

winning tickets are mutually exclusive events, probabilities add. Thus

_QE)+QE)+ Q) _ 91 e

b= (190) 8085

In most problems involving “at least”, it is easier to work with the complement, which in this case
is that no winning tickets are drawn. The probability of this is easily seen to be

3\ (97
(o) (4)
100y *
(4)
An alternative method of solution is as follows. Instead of imagining choosing 4 tickets from the
set of 100, imagine that the winning tickets are not yet determined, and are first separated into
a group of four, which are yours, and the remaining 96. Now, the characteristic of “winning” is
applied randomly to three of the 100 tickets. There are (4) (96) ways of applying it to one of the

1/\2
four purchased tickets and two of the other 96, etc., so that

_QE+M+EE) _, ()6
(') ()

where the calculation involving the complement is also shown.

g=l-p=

Now consider using Poincaré’s theorem (2.11). First let
A; = {you purchase winning ticket ¢}, i=1,2,3.
Then
p = Pr(4;UAyU A;3)

_ (‘Z’) Pr(A) — (3) Pr (A1 As) + Pr (A As As)

4343 4 3 2 941

- - 77—:7%.114.
100 100 99 + 1009998 8085 0.116

Alternatively, let B; = {ticket i is a winning ticket}, ¢ = 1,2, 3,4. Then

= 3

p = Pr(31UBQUBgUB4)

R e e

3 832 321
100 100 99 100 99 98 ’

= 4 _—

Solution to Problem 2.13: If n < r, then p = 1. For n > r, letting event A; be that urn 7 is empty,

i=1,...,r, it follows from Poincaré’s theorem that
plPrOJAJ
i=1
T T T
=1-) Pr(A)+Y Y Pr(4id)) — -+ (—1)"Pr(4 4y A,), (S-2.2)
i=1 i=1 j=it1

where Pr(4;) = (1 —p;)", Pr(4;4;) = (1 —pi —p;)", i # j, etc. Because the p; are distinct, it
appears as though little simplification is possible. There is, however, a recursive expression available
which is computationally less burdensome than (S-2.2); see, e.g., Ross (1997, pp. 123-124).

22



Solution to Problem 2.14:

a) Possible outcomes are gb, gb, gg and bb with respective probabilities p (1 — p), (1 — p) p, p? and
(1- p)2. Thus, the probability of at least one girl is p? + 2p (1 —p) = p (2 — p).

b) The probability of having exactly k girls with order relevant is p* (1 — p)"_k; it is easy to see
that there are n — k + 1 ways in which the k girls are all in a row. Thus, with ¢ = j — k,

P(p,n, k)= Zn—j—Fl (1 —p)"?
j=k

:p’“(l—p)”*kg(n—i—kﬂ) <p>i7
i=0 1-p

which can also be expressed as

P(p,n,k)=p*(1—p)"" gz (p)j :

i=0 j=0 1-p
Then, with a = p/ (1 — p),
n—k 1 n—k L nok
) 1— a’L+1 1 .
i _ - _ i+1
3 S (e e
i=0 j=0 i=0 =0

1 a — a7z—k+2
1—a ((n +1) 1—a )

1_p p P n—k+1
1-2p <(n k1) (1—219)( (1—19) >>
so that, for p # 1/2,
n—k+1 n—k+1
_ x(1=p) B P (P
P(p,nk)=p BT (n k+1 T (1 <l—p> ))

Similarly, for p = 1/2,

P(;,n,k‘) = Z —j+1)

= o [(n+1)(nk+1);(n(n+1)k(k1))]
= 27D (k42 (n—k+1).

For n = 2 and k = 1, Maple admirably shows that P (p,2,1) =p(2 —p). Forn =7 and k = 3,
Maple gives

P (p,7,3) =p* (3p* — 12p® + 21p* — 16p +5) .
Note that, in both cases, the special formula for p = 1/2 is not needed. Also, P (1/2,7,3) =
15/128 ~ 0.117.

The left side of Figure S-2.1 plots P (p,7,3) versus p (dashed line with x markings) along
with the result from Example 2.7 (solid line with o markings), i.e., the probability of getting
at least 3 girls in a row when having 7 children (but ALL the girls do NOT have to be in a
row, just 3 of them).

Solution to Problem 2.15:

a) As there is only one correct permutation, the probability is 1/n!.
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Figure S-2.1: Left: Probability P (p,7,3) (dashed) versus p. Right: Output from calling permvecsim(20,200). Because
the approximation using e~ ! is so good for N = 20, the circles and plus signs cannot be distinguished in the printed version.

b) This is just (2.18).
c) 1-Pr(k=0)~1-e"!=0.632 for large n.

Solution to Problem 2.16: Program S-2.1 does this. Sample graphical output is given in the right
side of Figure S-2.1, obtained from calling permvecsim(20,200).

Solution to Problem 2.17: Define C to be the event such that the hand contains the Ace and King of
Clubs (). Likewise for D (Diamonds, ), H (Hearts, ©) and S (Spades, #). We need to compute
Pr(CUDUHUS) for which we can use (2.11). For the 4 events, we write

Pr(CUDUHUS)=Pr(C)+Pr(D)+Pr(H)+Pr(5)
—Pr(CD)—-Pr(CH) —Pr(CS)

—Pr(DH) —Pr(DS) — Pr(HS)

+Pr(CDH) +Pr(CDS)+Pr(CHS)
+Pr(DHS)-Pr(CDHS),

and the event C' can occur in any of (‘;)(1)) ways, because we know 2 of the cards and must pick the
remaining 11 from the remaining 50. Event C'D can occur in (498) ways, because we know 4 cards
and must pick the remaining 9 from the remaining 48. Likewise for event CDH, which can occur
in any of (476) ways, and event CDH.S, which can occur in any of (454) ways. Notice that event D

can occur in as many ways as event C' and similarly for the rest, so that the probability is given by

O () () S e (4)(222)

i=1
9895443
= — = 21 .
45023650 021978

Solution to Problem 2.18: The second child’s sex is (presumably) independent of that of the first
child, so it is just Pr(boy) = 0.5.

Solution to Problem 2.19: If B stands for boy and G for girl, then the relevant or conditional sample
space is {B, B}, {G, B} or {B, G}, so that the probability of 2 boys is 1/3.

Solution to Problem 2.20: Let the event R; denote the event that the first red ball is appears on the
i*™ draw. If you draw first, then your chances of winning are

Y. Pr(R),

i=1,3,5,7
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function [simprob, trueprob, approxprob] = permvecsim(N,sim)
record=zeros(1,sim); cc=(1:N)’;
for i=1:sim
y = permvec(N);
record(i)=sum(cc == y);
end
maxr = max(record); g=hist(record,maxr+l); simprob=g/sim;
trueprob=zeros(1,maxr+1); approxprob=trueprob;
for m=0:maxr
v=2:(N-m); v=fact(v); v=1./v;
pn=(-1).7(2: (N-m)); fm = fact(m);
trueprob(m+1)=sum(v.*pm)/fm;
approxprob(m+1) = exp(-1)/fm;
end

plot (0:maxr,trueprob,’linewidth’,4,’linestyle’,’0’,
’color’,’r’,’marker’,’o0’), hold on

plot (0:maxr,approxprob,’linewidth’,3,’linestyle’,’0’,
’color’,’g’, ’marker’,’+’)

plot(0:maxr,simprob,’linewidth’,2,’linestyle’,’0’,
’color’,’b’,’marker’,’v’), hold off

legend(’True’,’e”{-1} Approx’,’Simulated’), set(gca,’fontsize’,16)

function f=fact(x), f=round( gamma(x+1l) );

Program Listing S-2.1: Simulates the number of coincidences and compares the empirical frequencies to the true
probabilities (2.18) and to the approximation e~!/m!. Assumes program permvec exists, which is given in Listing 1.2

because the events R;, i = 1, ..., 8 are disjoint. The probability that your friend winsis ) ., , ¢ s Pr(R;),

but, as the events R;, ¢ = 1, ..., 8 also partition the entire sample space, we know that
> Pr(R)=1- > Pr(R).
1=2,4,6,8 i=1,3,5,7
We have
3 763 76543 7654323
P =—, P =———, P =————— P = ——————=
() =95, Prife) =553 Prifs) = {55375 PP = 5957650
so that

so it is advantageous to draw first.

Solution to Problem 2.21: If you see a red dot, then the relevant, or conditional sample space is 3
events: either you see one side of the red-red card, the other side of the red-red card, or the red
dotted side of the red-black card, so that the probability that the other side has a black dot is
%. More formally, the sample space could be written as follows. As there are 6 sides which could
be displayed, there are 6 events that can happen. With R for red, and B for black, we have
{RR},{RR},{RB},{BR},{BB},{BB}, where the first letter corresponds to the visible side of
the card and the second letter to the covered side. If you see a red dot, that means the events
starting with B, namely {BB}, { BB} and {BR}, are not possible. The reduced sample space is
the 3 events {RR},{RR} and {RB}, so the probability of the covered side being black is clearly
1/3.
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Solution to Problem 2.22:

a) Because games are independent,

o0
i p
Pr(A) =p1 + q1@ep1 + 1219201 + - =1 E (1g2)" = 1= acs (11 "
‘ — 142
1=0

and, likewise, Pr (B) = pag1 372, (q142)' ™ = {24 = 1 — Pr(A).

b) This just means that p1 = p2q; or po = p1/ (1 — p1). Condition 0 < py < 1 implies p; < 1—p;
or that p; < 0.5. As p; — 0.5, for a fair game, p, must approach one, which adjusts for the
fact that person A plays first.

Solution to Problem 2.23: Both sides are equal to (m;'_bl_l). To see this for the lhs, in (2.3), replace
r by b and n by m. For the rhs, in (1.32), replace n by k and r by m.

Solution to Problem 2.24: In this case, S; reduces to

Si= Y Pr(dy---Ay)= > pi:(?)pj7

i< <ij i1 < <iy

so that .
= 1 i—m . ' i
P, ;( ) <Z_m> (Z>p
This gives p, , = 6p® — 3- 4p> + 6p*, while in terms of complements, Doy = 6p? (1 — ]3)27 which are
clearly equal. Similarly, P, , = 6p% — 2 4p® + 3p* or, in terms of complements, P,=1-(1- p)4 —
4p (1 — p)?’7 which are easily shown to be equal.

Solution to Problem 2.25: We have:

1. For 3 cells empty: There are (If) = 4 possible ways of picking the nonempty cell.

2. For 2 cells empty: If the balls are indistinguishable, there are (}2?’) = 6 ways to pick the two

-1
= (2—3
has one ball, the other two; or visa versa. Factoring in ball distinguishability, there is (:15) ways

empty cells. For the nonempty cells, there are K ) ) = 2 distributions, either a cell

n,r—2 —

of choosing “the lone ball”.

3. For 1 cell empty: If the balls are indistinguishable, there are (If) = 4 ways to pick the empty
cell. For the nonempty cells, there is clearly only one possible arrangement, i.e., each cell has
one ball (Or, Kﬁifl = (2:21) = 1.) Factoring in ball distinguishability, this is multiplied by
n! = 6.

4. No cells empty cannot occur.

This gives 446-2-3 44 -6 = 64 possibilities. If both balls and cells are indistinguishable, then one
of three configurations can arise, {eee|-|-|-} or {ee|e]| |-} or {e]|e|e]| -} with respective
probabilities 4/64, 36/64 and 24/64.
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Solutions to Chapter 3:

Symmetric Spaces and Conditioning

Solution to Problem 3.1:

a)

b)

Assume t = 5 and that, contrary to the initial setup, the order of the throws is relevant. By
the nature of the experiment, all 6° outcomes are equally likely. Say sides 1 and 2 are deemed
not to occur and denote throw i as w;. Then, all possible outcomes of the five throws such
that a 1 or 2 never occurs could be listed in table:

w) | W2 | W3 | Wy | Ws
3 3 3 3 3

Instead, we could make a table showing which of the w; were 3, 4, etc., as

3 4 5 6
wy | W2 | W3 | Wq,Ws i

As all four sides must be covered, one throw will result in a side which already occurred, with
4 possibilities. If an extra column is added to the above table which picks up the “redundant
side”, then there will be one w; per box, with 5! ways of permuting them. As we are ultimately
not concerned with order, this gets divided by two to account for the redundancy involved for
the side with two occurrences. Finally, from symmetry, the same argument applies for any 2
chosen sides which should not occur, i.e., for all (g) = 15 choices. Thus,

15-51-4/2 25

=P tly 2 sides d t = = —.

D5 r (exactly 2 sides do not occur) & 5l
For t = 6, the “redundant” two throws are either such that two sides each occur twice, or one

side occurs three times. Thus,
(5)-6!-(}) /3" 325

§-6- (/22 %
66 66 648"

Pe =
Let events B; = {side i does not appear}, i = 1,2, ...,6, so that Pr(B;) = (5/6)" and

Pr(py ) = () (0= 300)

Let Es be the event that neither a 1 nor 2 occurs but 3,4,5,6 all occur at least once and
let L; = B1Bs---B;. Note that, for example, Ly is the event that neither 1 nor 2 occurs,
irrespective of the other numbers. Then Lo can be written as the disjoint union of Es and
L2 N (Bg U---uy 36)7 i.e.,

Pr (LQ) =Pr (EQ) + Pr ((L2 N Bg) U---u (L2 N BG)) 5
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so that, from Poincaré’s theorem and the exchangeability of the B;,

Pr(Ey) = Pr(Ly)— G) Pr(Ly N Bs) + (3) Pr(LonBsNBy) — -

6

As there are ()

Pt =

because

Il
Mm
—
|
—
=
1
[\

- | <z ’ 2) PriL)

: () a i

1—2

) = 15 ways of picking two sides,

151_2;(1)1'—2 (Z i‘ 2) (1—1i/6)" = Z_Z;(l)i‘2 (;) (f) (1-i/6)",

2% (i - 2)4!!<6 —i) 2! <z'i!— 2)ld! <66!— i) (2) (6>

Solution to Problem 3.2:

a) From basic principles,

(

6n ) (671)' (271_)1/2 (Gn)6n+1/2 676’”

_ \nnmnnn/ ~ — (2 —5/2 61/2 75/2'
Pon (TL) 6o (nl)G 66 (277)6/2 n6(n+1/2) p—6n g6én ( 7T) K
The exact answer for n = 3 is
14889875
=~ —135x107%
P18 = 9710199 60576

The relative percentage errors

forn=1,2,...

(27r)_% Von=3 (6m)!

" (n!)%66n
100 (6n)!
(n!)866m
,20 are computed to be
t 1 2 3 4 5 6 7 8 9 10
RPE |60 |27 |18 |13 | 10.2 |84 |72 |6.3 |55 |50
t 11 |12 |13 |14 | 15 16 |17 [18 |19 [20 |
RPE | 45|41 (383533 [31[29|27 26|25

b) Clearly, if ¢t < 17, then p; = 0. Otherwise, defining

we have

B; = { side i occurs zero or once or twice} ,

6
pr = Pr(all 6 sides occur at least twice) =1 — Pr <U BZ-) .
i=1

Letting N; = # of times side ¢ occurs, event B; can be decomposed into the three disjoint
events {NV; = 0} ,{N; = 1} and {N; = 2}, so that

-G -G BE Q)
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Similarly, in abbreviated notation for the N;, event B;Bs can be decomposed into the 32
disjoint events (grouped in 6 categories)

{oo},
{11},
{22},
{01}, {10},
{02}, {20},
{12}, {21},

O )
ORI N O

Event By By B3 can be decomposed into the 3% disjoint events (grouped in 10 categories)

3
1. {000}, (37 0. 0) of them,
2. {111} 5 of them
‘ : 0,3,0 ’
3. {222} 5 of them
: : 0,0,3 :
3
4. {001},{010}, {100}, <2 X 0) of them,
3
5. {002},{020}, {200}, (2 . 1) of them,
6. {011},{101}, {110}, (1 g O) of them,
7. {112}, {121}, {211}, < 5 > of them,
0,2,1
8. {122}, {212}, {221}, (0 ? 2) of them,

9. {022}, {202}, {220}, (1 0 2) of them,

10.  {012},{102},{120}, {021},{201},{210}, (

so that Pr(B;ByBs) is given by
3 3 t—3 N . 1 6 3 t—6
6 2.2,2.t—6)\6/) \6
2

= (@) (i) )

3oare) (6) 6 +3naia) () (6
+3<0,1,17it—2> (;)2 (g>t_2 +3<1,1,2ft—4> (94 (2>f_4
iame-s) (5) (5) #3(00sid) G) ()
(o0 (5) () 521

[N}
Ne)



Tt is becoming clear that, for Pr (B B2 B3), we need to consider all nonnegative integer solutions
to Zle x; = 3, for which there are (3+§_1) = 10, using (2.1). (Similarly, for Pr (B Bs), there
are six nonnegative integer solutions to Z‘:Zl xz; = 2.) For each of the 10 solutions, there
3
are (wl,IQyIS
the N; are two. Then, for each of the nonnegative integer solutions, a term in (S-3.1) can be

determined as
3 " 1 S § t—S
x1,22,23) \S1,52,93,t -85/ \6 6 ’

where S = Zle Siy (S1,52,53) = sort (V') (ascending) and V' is a vector consisting of x; zeros,
2o ones and z3 twos. In this way, the first element of each row of the 27 listed expressions
above would be taken.

) combinations such that x1 of the NN; are zero, xo of the N; are one and z3 of

One problem with this formulation is that we would now need an algorithm which can list out
the (3+§_1) nonnegative integer solutions. This could be achieved by a double FOR loop:

FOR x1=0:3
FOR x2=0:(3-x1)
x3=3-x1-x2
--- now use these x1 x2 and x3 ---
END
END

This was just for the Pr (B B2 B3) term, but the generalization to Pr (B; - - - B;) is now straight-
forward. In particular, we need the nonnegative integer solutions to Zle x; = j, for which
there are (ﬁ';’._l) = (]';2) =(j+2)(j+1)/2. For each of them, there are (ml,rjz,xs) combina-
tions such that x; of the IN; are zero, x5 of the IN; are one and xz3 of the IN; are two. Then, for

each of these nonnegative integer solutions, the terms in Pr(Bj - - - B;) can be expressed as

j ¢! 1\¥6-4\""
T1,T2,T3 Sl'SJ'(t—S)' 6 6 ’

where S = 25:1 Si, (S1,...8;) = sort (V) (ascending) and V is a vector consisting of x; zeros,
x9 ones and x3 twos. The program to traverse the (j + 2) (j + 1) /2 solutions would look like

FOR x1=0:j
FOR x2=0:(j-x1)
x3=j-x1-x2

--- now use these x1 x2 and x3 -—-
END
END

A computer program to compute p; and also simulate the problem is given in Listing S-3.1.
Figure S-3.1 plots p; versus ¢ with the inscribed circles indicating the result of simulating the
result for each shown value of ¢ using 5,000 replications. It was constructed with the following
Matlab instructions:

pt=[1;
for i=18:2:60
pt = [pt sixes(i,0)];
end
plot(18:2:60,pt), hold on
sim=5000; sv=[]; for i=20:4:60; i, sv=[sv sixes(i,sim)]; end
plot(20:4:60,sv,’ro’)
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function pt = sixes(t,sim)

if sim>0
count=0;
for i=1l:sim
u=unidrnd(6,t,1); % t throws of the die
tab=tabulate(u); % counts how many ones, how many twos, etc.
f=tab(:,2)’; % just the part we need from the output
count=count+all (f>=3); % check if all sides were observed
end % at least 3 times
pt = count/sim; % approximate the true probability
else J, Compute exact probability using Poincare’s theorem
bigsum = O;
for j=1:5
bigsum=bigsum + (-1)"(j+1) * c(6,j) * bigterm(j,t);
end

pt = 1-bigsum;
end

function bt = bigterm(j,t) % computes Pr(B_1 ... B_j)
bt=0;
for x1=0:j
for x2=0:(j-x1)
x3=]-x1-x2;
f1 = fact(j) / fact(xl) / fact(x2) / fact(x3);
thezeros=zeros(1,x1); theones=ones(1,x2); thetwos=2*ones(1,x3);
V = [thezeros theones thetwos];
Svec = sort(V); S=sum(Svec);
denom=1; for i=1:j, denom=denom*fact(Svec(i)); end
denom=denom*fact (t-S);
£f2 = fact(t) / denom;
£3 (1/6)°S * ((6-j)/6)"(t-S);
bt bt + f1 * £2 * £3;
end

end

function f=fact(t) % simple, local, factorial function
if t==0, f=1; else f=t*fact(t-1); end

Program Listing S-3.1: A fair, six—sided die is rolled ¢ times. This computes the probability that all 6 sides occur at
least 3 times. If sim > 0, then it simulates instead of computing the theoretical values
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Figure S-3.1: Solid line is the exact probability that all 6 sides occur at least 3 times. Circles indicate result of simulation
using 5,000 replications

Solution to Problem 3.3:

a)

b)

11!, because, if they were in a row, there would be 12!, but the rotation of the table doesn’t
matter.

If each couple sits next to one another, we can imagine the 12 people as 6 objects to be placed
around a table with 6 places, and there are 5! ways of doing this. As each couple can “switch
chairs”, the answer is (26 -5!) /11! = 1.924 x 10~*.

Solution to Problem 3.4:

a)

b)

Assume A sits first at the empty table and then B takes a seat. Of the n — 1 possible chairs,
there are two which B could take such that A and B sit together, i.e., the probability is 2/(n—1.

Alternatively, and more generally applicable, treating A and B as a block the probability is
2(n—=2)! 2
(n—1)! 7 n-1°

Similar to the latter method in the previous question, i.e., treating [A,B] and [C,D] as blocks,

2?7(::)3,)' = (n—2;4(n—1)' This can be also obtained by using the law of total probability. Let

AB be the event that A and B sit together, which is 2/(n — 1). Then

Pr(ABNCD) = Pr(AB)Pr(CD | AB).

Assume C is the third person to take a seat. To calculate Pr(C'D | AB), we have to consider
if C sits on either side of the pair AB (with probability 2/(n — 2)), or not. That is,
2 1 n—4 2 2

Pr(CD | AB) = =
r(CD | ) n—2n—3+n—2n—3 n—2

so that
2 2 4

n—1ln—2 (n—1)(n—-2)

Pr(ABNCD) =

The two possibilities are not equally likely. Assume the first person to sit is a boy at the 12:00
position, as in Figure 3.9, followed by the second boy. In order to alternate, he has to sit at the
6:00 position whereas to not alternate, he can sit either at 3:00 or 9:00. The chances are double
that they do not alternate, so the correct probability is 1/3. Another way of seeing this is to
“open the table” into a row and consider the 4!/ (2!2!) = 6 possibilities, i.e., BBGG, BGBG,
BGGB, GGBB, GBGB and GBBG. When “re-connecting”, only 2 of the 6 combinations yield
alternating sequences.
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d)

Because they must alternate, take each boy-girl pair as a block. These have (n — 1)! ways of
being arranged. The first girl can be paired with any of n boys, the second with any of n — 1,
etc., yielding (n — 1)!-n!/ (2n — 1)L

Solution to Problem 3.5:

a)

b)

Event K = n means all couples are seated together. This is just (3.3) with i = n, i.e.,

(n—1)!
Pr(Cy---Cp) = 2”7
(G ) =2 T
For K = n — 1, there are n ways of choosing the “lone” couple, i.e., the one couple not sitting
together. Then, there are 2"~ ! ways of shuffling the n — 1 other couples internally and n + 1
"blocks’ to arrange around the table. But this also counts the possibilities in which the lone
couple is together, for which there are 2" ~!2(n — 1)! such arrangements. Thus,
2=l (p! —2(n—1)!) nl2"n1(n—-2)

Pr(K=n—-1)=n @n—1)! = @n—1)1

which agrees with (3.4).

To compute the probability of no couples, the complement “at least one couple” can be used,
i.e., from Poincaré’s theorem and (3.3),

Pr(K=0) = 1-Pr(CiU...UC,)
- i1 () 2820 — i — 1)!
1_2(_1)+(i> ((2n1)!)

i=1

which agrees with (3.4).

For k = 1, there are n ways of choosing the lucky couple to sit together and this couple has 2
ways to sit. The other 2n — 2 people must be arranged in such a way that no other couple is
seated together. The number of possibilities can be calculated in the same way as in the case
k = 0, with the difference that now the 2n — 2 people will be arranged in a row, because their
“ends” do not touch (they are separated by the lucky couple) and thus cannot be rotated.
This yields, using j =4+ 1,
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which agrees with (3.4).

First observe that, if k is negative or k > n, then C}, = 0. For the starting values, if n =1,
then the couple must sit together, so that Cyp; = 0 and C;; = 1. If n = 2, then, denoting the
first couple as A; and As and the second as By and Bs,
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i)

i)

iii)

if k =0, there are two possibilities, (starting at 12:00 and going clockwise),

AlBlAgBQ, and AlBgAgBl y
if k = 2, there are four possibilities,
A1A2B1 By, AyA1B1 By, A1AsByBy, AyA1ByBy;

the case k = 1 cannot occur.

Note how the rotation of the table reduces the number of possibilities. Summarizing,

Co1=0,C11=1,Cp2=2,Ci12=0,Cz2=4.

Imagine the couples coming to the table one after another. For n > 2, consider how persons
P, and P, making up the n'" couple were seated so that there are exactly k couples sitting
together. Either:

i)

iii)

There were exactly k — 1 couples sitting together previous to the n'" couple’s arrival and
P; and P, sat down next to each other, but not “between any couples”, i.e., such that
they do not separate any other couple. Of the 2n — 2 spaces at the table, £ — 1 cannot be
used, so they have

202(n—1)—(k—1)=22n—k—1)

ways to do this.
There were exactly k couples sitting together previous to the n'" couple’s arrival and
either

1. persons P; and P, sat down together between a couple, with 2k ways, or

2. P; sat down not between any of the &k couples in one of 2 (n — 1) — k ways and P» sat

down not between any of the k couples and not next to P; in one of 2(n —1) +1 —
(k + 2) ways. Multiplying gives (2n — k — 2) (2n — k — 3) ways.

There were exactly k 4 1 couples sitting together previous to the nt" couple’s arrival; Py
sits between one of the couples (with k 4+ 1 ways) and Ps sits neither between any of the
remaining k couples, nor next to P; (with 2 (n — 1) + 1 — (k + 2) ways); multiplying these
two expressions and then doubling them (because the roles of P; and P; are different and,
thus, distinguishable) gives

2(k+1)(2n—-3—k)

ways.
There were exactly k 4+ 2 couples sitting together previous to the n'* couple’s arrival; P
sits between one of the (k + 2) couples and P; sits between one of the remaining (k + 1)
couples, giving

(k+2)(k+1)

ways.

Summarizing, for n > 2 and 0 < k < n,

Cemn = 22n—k—1))Cho1p—1+((2n—k—-2)2n—k —3) +2k) Crn—1
+2(k —+ 1)(277, — ]C — 3)Ck+17n—l + (k + 2)(k -+ ]-)Ck+2,77,—1~

See Listing S-3.2 for a program to compute this.
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function couplesaroundatable(m)

M=zeros (m+1,m+3); % Keep the pmf in the matrix M.
M(1,2)=1; M(2,1)=2; M(2,3)=4;

for n=3:m

for k=0:n
if k==0, a=0; % a, b, ¢ and d are the values of the four
else % predecessors in the recursive formula
a=M(n-1,k);
end;

b=M(n-1,k+1); c=M(n-1,k+2); d=M(n-1,k+3);
M(n,k+1)=2*%(2*xn-k-1) *a+((2*x(n-1)-k) *(2*x(n-1)-k-1)+2*xk)*b ...
+2% (k+1) * (2% (n-1) -k-1) *c+(k+2) * (k+1) *d ;
end;
end; for n=1:m
M(n,:)=M(n,:)./gamma(2*n); % make it a density!
end;
M(m+1,:)=1./gamma ((0:m+2)+1) .*xexp(-1);
% put the Poisson mass function in the last row

M(m:m+1,:) % show what you have done

E=zeros(m+1,2); % initialize matrix for the mean values
E(:,1)=Mx(0:m+2)’; % calculate the mean values

E(:,2)=(2%(1: (m+1))’)./(2%(1: (m+1))’-1);

E(m+1,2)=1 % correct the mean value of the Poisson pmf

Program Listing S-3.2: Calculate the probability in the couples-around-a-table problem via recursive use of Cy 5. It
also computes the expected value (see Chapter 4) directly and compares to closed—form solution

d) Event Ly can be written as the sum of n — k + 1 disjoint events,
n
Pr(Ly) =Y Pr(F),
i=k

where F), = Ej, and Fyyj, j = 1,...,n — k, is the event that Ej occurs and exactly j of
Cl+1,-..Cp occur. There are (”;k) ways of picking j of the Cy41,...C, and each of these
possibilities for Fy; is equally likely, and so is equal to Pr (Ej4;). Thus,

Pr() =3 pr(m) =3 (72 pe(e).
i=k 1=k

which is (3.24). This is easily expressed as (3.25), which can be recursively solved for Pr (Ey)
by using the starting condition
Pr(E,) =Pr(L,),

with Pr(L,) available from (3.3) with ¢ = n, i.e.,

(n—1)!

Finally, as there are (Z) possibilities of choosing k specific couples out of n,

n

Pr(K =k) = (k> Pr(Ey).

e) Because they are disjoint,

Pr(Lk) = PI‘(Ek) + P (Lk n (Ck+1 Uu...uU Cn)) ,
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f)

so that, from Poincaré’s theorem,
PI"(Ek) = Pr (Lk) - P ((Lk n Ck+1) y---u (Lk N Cn))
n
= Pr (Lk) — (Tl — k) Pr (Lk N Ck+1) + ( ) Pr (Lk NCry1 N Ck+2) — .

_ Zn: (—1)* (Z_ ]:) Pr (L;)

i=k

i=k

2

using (3.3). As there are (}) ways of picking k couples,

This agrees with (3.4) because (;) (M) = ("_k) (})-

7

We have to show

Pr(By) =Y (-1 (n — k) 23(?;—.7'1; 1)!
j=k !

n—1>
J

3

> (—1)i+k (Z_ ’;) N; (S-3.2)

<

which, for k& = n, clearly holds, as the formula simplifies directly to (3.3) with ¢ = n. Now
assume it holds for Fyy1, Ex12,. .., E,. Using (3.25), i.e.,

Pr(Ey) = Pr(Ly) — Zn: (?_:) Pr(E;),

i=k+1

we have, using

(?:’f) (Z:D G —(Z)!_(:)!— i)t (n —(?w_(;)'— i)!

i=k+1
S E )5 ()
_ _jéli;(—lv“(?:f)(Z:;-)Nj
- -3 ety 3 e () (D
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so that, with m = ¢ — k and using the binomial theorem,

Syt (Z";)iji cor (7))

j=k+1
S DR (e DA (G RATREEY
j=k+1 n=a
= j n—k
= >yt (n_ .>Nj
J=k+1 J
and, finally, with
2F(2n — k —1)!
Pr (Lk;) = Nk = W,
" n—k = x(n—k
Pr(Ly)— > o Pr(E;) =Y (-1) i N; = Pr(Ey).
i=k+1 j=k

Solution to Problem 3.6:

a) Simulation involves randomly permuting a 2n—length vector with n zeros and n ones, and

then checking if element 7 equals elements ¢ — 1 and ¢ + 1, being careful about the two cases
arising from the circularity. This is shown in Listing S-3.3. The program was run with 500,000
replications, for three different values of n. A plot of the probabilities for n = 4 and n = 10
are shown in Figure S-3.2, while the solid line in Figure S-3.3 corresponds to n = 50.
From the latter plot, it appears that the probabilities Pr(S = s) take the shape of the “bell
curve”. A bit more precisely, (using words and concepts from Chapter 4) the pmf of S ap-
proaches a normal pdf. The sample mean and variance are p = 24.24 and o2 = 30.66,
respectively, and a normal pdf with these values is overlaid in Figure S-3.3 as the dashed line.
The vertical line is at the mean of 24.24. Clearly, the normal approximation is very good for
n this large.

function g=surrounded(n)
sim=500000; trapped=zeros(sim,1); v=[zeros(1l,n) ones(1l,n)];
for s=1:sim
if mod(s,1000)==0, [n,s], end
tab=v(randperm(2*n)); mcnt=0;
if (tab(end)==tab(1)) & (tab(1l)==tab(2)), mcnt=mcnt+1; end
if (tab(end-1)==tab(end)) & (tab(end)==tab(1)), mcnt=mcnt+1; end
for i=2:(2*n-1)
if (tab(i-1)==tab(i)) & (tab(i)==tab(i+1)), mcnt=mcnt+1; end
end
trapped (s)=mcnt;
end
g=tabulate(trapped+1);
% plot(g(:,1),g(:,3)/100)
% mean(trapped), std(trapped)

Program Listing S-3.3: Simulates probability of getting “trapped” between two people of the same sex when sitting at
a round table with n couples.

b) Program (S-3.4) computes both the exact values of (3.27) and simulated ones. Running the
code

[f,fsim]=holst (5,50000) ;
plot(0:5,f,’r-’,0:1length(fsim)-1,fsim, ’g—-’)
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Figure S-3.2: Simulated probability of getting “trapped” between two people of the same sex when sitting at a round
table with n couples, based on 500,000 replications. Solid is for n = 4, and dashed is for n = 10.
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Figure S-3.3: Same as in Figure S-3.2 but for n = 50 (solid) and the normal pdf with mean and variance chosen to the
be the sample mean and sample variance, respectively, from the 500,000 replications.

and

[f,fsim]=holst (50,50000) ;
plot(0:50,f,’r-’,0:1length(fsim)-1,fsim,’g--’), axis([0 8 0 0.3])

produces graphs showing the exact and simulated (with 50,000 replications) probabilities for
n =5 and n = 50 which are virtually indistinguishable and are not shown.
Figure S-3.4 shows both (3.4) and (3.27) for n = 5 and n = 50. In both cases, the “density” of
(3.27) is, approximately speaking, shifted to the right, compared to (3.4). This makes sense:
One might think that, when wives are already placed in every other seat, the chances are
higher for more matches than when all 2n people are randomly dispersed around the table.
But, as the probabilities sum to one, they cannot be larger for each s, i.e., the number of
couples sitting together. Instead, under (3.27), i.e., when wives occupy every other seat, the
probabilities are larger only when s is large. This is because it is even more unlikely that a
large number of couples would be sitting together when all 2n people are randomly placed.

Solution to Problem 3.7:

a) The probability that at least 10 people order beef is

12 12 12 79
0.5)"? =
09*{(10)* (i) = (i)} -2
which, by symmetry, is also the probability that at least 10 people order fish, so that we have
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function [f,fsim]=holst(n,sim)
f=zeros(n+1,1);
for w=0:n
r=w:n;
temp = (-1)."(zr-w) .* c(r,w) ./ gamma(r+1) .* (2*n) ./ (2*n-r);
f(w+l)= sum( temp .* c(2*n-r,r) ./ c(n,r) );
end
if nargin<2, sim=0; end
if sim>0
numpair=zeros(sim,1); tab=zeros(2+#n,1);
for i=1:2:(2*%n-1), tab(i)=(i-1)/2+1; end
for s=1:sim
men=randperm(n) ;
for i=2:2:2*n, tab(i)=men(i/2); end
mcnt = (tab(1)==tab(end));
for i=1:(2*n-1)
if tab(i)==tab(i+1), mcnt=mcnt+1; end
end
numpair(s)=mcnt;
end
tt=tabulate (numpair+1) ;
fsim=tt(:,3)/100;
end

Program Listing S-3.4: Computes (3.27) if sim= 0 and simulates it otherwise

b) 2-79-2712 ~ 3.8574 x 10~2.

c) The probability that at least 10 people order beef should be rather small, although it is still
possible. The probability that at least 10 people order fish is the same as the probability that
either 0,1 or 2 people order beef. We have

12719 2 /12
§ ( , )0.120.912—1 + § ( , )0.120.912—1 ~ 5.455 x 1077 + 0.88913.
1 1
=10 =0

Solution to Problem 3.8: Although this appears to be the same as the question in Problem 2.19
(“Your new neighbors have 2 children, and at least one is a boy. What is the probability that the
other is also a boy?”), the answer is 1/2. To see this formally, denoting B for boy, G for girl, event
{BG} stands for “first child boy, second child girl”, etc., and b is the event that a boy is seen in the

0.4 . . . . 0.4
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0.351 R 0.351 \\ R
0.3f - 0.3f \ -
\
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\
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\
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N
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Figure S-3.4: Comparison of (3.4) (solid line) and (3.27) (dashed) for n = 5 (left) and n = 50) (right)
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garden, then, from Bayes’ rule (and implicitly conditional on the knowledge that the neighbor has
exactly 2 children and both are equally likely regardless of sex to play in the garden), Pr (BB | b)
is given by
Pr (b | BB) Pr (BB)
Pr(b| BB)Pr(BB)+Pr(b| BG)Pr(BG)+Pr(b| GB)Pr(GB) + Pr(b| GG) Pr (GG)

or
1-(1/4) 1
1-(1/4) +(1/2) (1/4) + (1/2) (1/4) +0- (1/4) 2
To see intuitively how this differs from Problem 2.19, consider “simulating” to get the answer. With
equal probability 1/4 we get a neighbor with either BB, BG, GB or GG. Next to each “realization”
we place a one to indicate that a boy is playing in the garden, or a zero if not. This occurs with
probability zero for GG, probability 1/2 for GB and BG, and one for BB. The following four
realizations are a representative set of occurrences (because BG gets a one and GB gets a zero,

which reflects the average probability of 1/2 for BG and GB):
BB:1, GG:0, BG:1, GB:0

Because we condition on observing a boy in the garden, our sample consists only of those pairs
followed by a 1, i.e., BB, BG. Thus, from our restricted sample, the probability of having 2 boys
is 1/2.

Solution to Problem 3.9:

s+c S
P =P P = — .
a) r(Sng) 1"(52‘51) I‘(Sl) stcetrstr
. S s
b) Directly, Pr(Sy | Ry) = PR and, from Bayes’ rule,
PI‘(RQ | 51>PI'(51)
Pr(S; | Re) =
(51 ] 72) Pr(Ry | S1)Pr(S;) + Pr(Ry | Ry) Pr(Ry)
r s
o s+c+r ) s+ r
B T s i r+c T
st+c+r s+r s+c+r s+r
s
s+ctr
so that Pr(S2 | R1) = Pr(S1 | Rz).
c) For the former,
Pr (Sg | Rl) = Pr (53 | Rl,RQ)PI' (R2 | Rl) + Pr (Sg ‘ Rl,Sg) Pr (SQ ‘ Rl)

s r+c n sS+c s . s
s+r+2cs+r+c r+s+2r+s+c s+c+r’

For the latter,

Pr (R3 | Sl)PI' (Sl)
(B3 | S1)Pr(S1) + Pr(Rs | Ry) Pr(Ry)’

Pr (Sl | Rg) = Pr

but
Pr (Rg ‘ Sl) = Pr (R3 | Sl,SQ)PI' (SQ | Sl) + Pr (Rg ‘ Sl,Rg)PI‘ (RQ ‘ Sl)
. T s+ c i r—+c r . r
r+s+2s+c+r r+s+2cs+r+c s+c+r
r4c
and Pr(Rs | R1) =1—Pr(Ss | Ry) = P that
_r s
= stct+rs+r _ s
Pr(Sy] Rts) = T 5 r+c T s4c4r

s+c+rs+r+s+c+7“s+r
showing that Pr(Ss | R1) = Pr(S1 | R3).
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Solution to Problem 3.10: For 1 < n < 13, given that the n — 1 cards 2 through n are hearts, there
isa (13— (n—1))/(52 — (n — 1)) chance that any other card (card 1 in particular) will be a heart,
ie.,

14—
P, - s, 1 <n <13,
0, otherwise.

More formally,
13 .. 13-n+l
p 52 B2—n+tl
n I
13 13-—ntl 4 39 (13 13-ni2
52 "' 52—n+1 T 52 \ 51 Bl-n+2

but the denominators of all fractions are the same, so that

13!
P [CE=D) _ 1 _4-n
"T g am ) Tt 53on
(13—n)! (13=n)I(13—n+1) 13—n+1

Solution to Problem 3.11: Define B; to be the event the object is in box ¢, ¢ = 1,2,3 and F is the
event that the first search of box 3 fails. Then Bayes’ rule gives
S Pr(F|B;)Pr(B;)

Pr(B; | F) =

with Pr(F | By) =1, Pr(F | Bg) =1 and Pr(F | B3) = 0.3. Pr(Bz | F) = 0.462 is the highest of
the 3 and is, thus, the answer.

Notice that the denominator is Pr(F) = 0.2 4+ 0.3 + (0.3) (0.5), while the numerator is one of
these three components for each i. The denominator is just a “correction factor” such that the
probabilities add to one. As such, it makes sense just to compare values 0.2, 0.3 and (0.3) (0.5) =
0.15, showing that box 2 should be searched. Thus, the proposed “naive solution” was correct. If
one wants the conditional probabilities, then these values have to be divided by Pr (F) = 0.65 to
give respective box probabilities 0.308, 0.462 and 0.231.

Solution to Problem 3.12: This is (3.18) with n =4, m = 4 and p = 0.6, so that

7
Pr(A wins) = <Z> 0.6°0.47"% = 0.710208.
k=4

Solution to Problem 3.13: Substituting into (3.20),

Pr(Aim) = pPr(Aom)+ 1 —p)Pr(4im-1)
p+ (1 —=p)pPr(Aom-1)+ (1 —p)Pr(Aim—2)]
p+p(1—p)+(1—p)°Pr(Asm_)
p+p(1—p)+ (1 —p)° [pPr(Aom—2) + (1 —p) Pr(A1m—3)]
= p+p(l—p)+p(l—p)*+(1—p)°Pr(Asm_s)

= ptpA-p)+pAL-p°+-+pl-—p™ "

_ pmz1_(1—p)m.

This agrees with (3.16), i.e., with n =1,



Solution to Problem 3.14:
a) See Program S-3.5 and note the use of recursive function calls.

b) Use of (3.16) is slightly more advantageous because p™ can be factored out. See Program S-3.6,
which makes judicious use of the vector ability of Matlab.

c)
i) See Program S-3.7, which also demonstrates use of the while construction.

ii) See Program S-3.8. Note the use of the nargin function, as well as the mesh 3D graphics
function. The graph from calling plotgmin(0.65:0.01:0.9) is shown in Figure S-3.5.

Minimum Number of Games to Win such that Pr(A) >= 0.9
T T T T

. . . .
0.65 0.7 0.75 0.8 0.85 0.9
Probability p that A wins

Figure S-3.5: Output from plotgmin(0.65:0.01:0.9)
Solution to Problem 3.15: With P, := Pr (4, ,) and r :=p (1 —p), (3.16) and (1.4) give
1 " n+4i
—In41 - Z( ) ].7 )
p
— (n+i—1\ , . (2n—1 " n+i—1 ;
— no(] — n "] —
H( i )p( p)+( . )r +;(zl )p( P)
n—1 .
1/2n n+1 i+l
- n n(1—
+2<n>r E( o
1/2n 1-— 2n
2\ n D n

1—p 1 2n
= P,+—"P, - —(1- "
nt— +1+{2 ( p)}(n>r

This yields the recursive formula

1 1-— 1 2
{—p}Pn+1=Pn+1=Pn+ (P—> ( n>7‘n
p p 2 n

with P, = p; solving gives (3.28).

.
| \

3

I
3

Solution to Problem 3.16: Clearly, 7' has be to be greater than both n and m, before which nei-
ther A nor B can win. Once T' = t > n, then A can win, and this occurs with probability
(;:11)1)" (1- p)t_”. Likewise, once t > m, B can win. If ¢ is greater than both n and m, then either

A or B could win, thus contributing to the probability that T' = ¢. Putting this together,
To compute Pr (T | Ay.m), use Bayes’ rule (3.12) to get

()P (=)' " Lsr.y ()

Pr(T=t|Awm) = Pr (A, )
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function P=fermat(n,m,p)
if n==0
P=1;
elseif m==
P=0;
else
P=p * fermat(n-1,m,p) + (1-p) * fermat(n,m-1,p);
end

Program Listing S-3.5: Fermat’s solution to the problem of the points

function P = PoP(n,m,p)
i=0:(m-1); P=p"n * sum( c(n+i-1,i) .*x (1-p)."i );

Program Listing S-3.6: Closed form solution to the problem of the points

function g=gmin(a,p)
g=0; done=0;
while not(done)
g=g+1;
done=(PoP(g,g,p) >= a);
end

Program Listing S-3.7: Smallest g such that Pr(A | g,g9,p) > «

function plotgmin(pvec,avec)
if nargin < 2, avec=0.90; end
plen=length(pvec); alen=length(avec); g=zeros(alen,plen);
for aloop=1l:alen
a=avec(aloop) ;
for ploop=1:plen
p=pvec(ploop); g(aloop,ploop)=gmin(a,p);
end
end
if alen==
plot(pvec,g,’o’,pvec,g,’r=)
xlabel (’Probability p that A wins’), ylabel(’Games’)
title ([’Min # of Games to Win such that Pr(A) >= ’ num2str(avec)])
else
mesh(pvec,avec,g)
title (°Min # of Games to Win such that Pr(A) > \alpha’)
xlabel (’Probability p that A wins’)
ylabel (’Tolerance \alpha’), view(-25,15)
end

Program Listing S-3.8: Plot g for various p (pvec) and « (avec)
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Figure S-3.6: Posterior Pr(T =t | A10,10) versus ¢ for p = 0.3 (solid) 0.5 (dashed) and 0.7 (dotted)
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Figure S-3.7: Posterior Pr (A, 18 | T =t) versus t for p = 0.4 and n = 13 (solid) 15 (dashed) and 17 (dotted)

Likewise, the conditional probability that A wins, given that T' = ¢ rounds were played, is

(:l—_ll)pn (]- - p)tin ]I{n,n-i-l,.“} (t)
Pr(T =t) '

Pr (Apm | T =1t) =

Clearly, if p = 0.5, then Pr (A, | T=t) =05 foralln <T <2n — 1.

Figure S-3.6 plots Pr (T =t | A10,10) versus ¢ for p = 0.3,0.5 and 0.7; while Figure S-3.7 plots
Pr(A, s | T =1t) versus ¢ for p = 0.4 and n = 13,15 and 17.

Solution to Problem 3.17: To show that the sum in (3.29) is absolutely convergent for p < 1/2, let
an = (*")[p(1 — p)]" so that, by 'Hopital’s rule,

n

(2n+2)(2n+1)
(n+1)*

Ap+1
QA

lim

n—oQ

= lim

n—oo

p(l1—p)=4p(1—p) <1,

because p (1 —p) < % for p < % The latter follows directly from (p — l)2 > 0 for p # %

2
From (3.28), 0 =p+ (p — 3) S, which implies

S 1_2p:2p;2 :;2 ,

or (3.30), ie.,
i (¥ wa-mr- izp
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Using the binomial theorem, the lhs may also be written as
— (2i 2i =
(e =5 ()5 ()-S5 () ()
i=1 i=1 7=0 J =1 j=0
Clearly, y := i + j goes from 1 to oo; collecting those terms yields
D0 e -EE () ) e
>y - g
=1 j=0 < y=11i=1
Comparing to the rhs of (3.30), this gives the identity (3.31), i.e
Y\ (2 i N Y29\ [y »
2Y = -1)"Y = -1
2 ()G em= 3 )G e
i=1 i=[y/2]

where [2] = ceil(z) and the latter term follows from (271) (y’_v) = (Qy’) () and the fact that i >
y—i=1i>y/2.

Solution to Problem 3.18: We have, with (1 — 210)2 =1—-4p(1l—p)and m=n—1,

S = Y (2”)n P (L= )" (1 2p)?

>
_ % ()b -pr - % o) pa-pr i -
- > () -mr - > in (") wa-pr

. mf:: N gjoaxm (") pa-p
- 220 (") - = 20,

so that ¢’ (p) (1 — 2p) = 2g (p) and the result follows.

Solution to Problem 3.19:

a) Note that, if A wins the first round played, then (because of independence of trials) the game
can be viewed as “starting over” but such that now A has ¢ + 1 dollars and B has T'— i — 1
dollars. Thus, Pr; (A | W) = Pr;+1 (A) = s;41. Using the law of total probability (3.10), it
follows that

= Siy1p+Si—14,
i.e.
Si = PSit1 +qsi—1, 1<:<T,

or, as s; = ps; + qS;,
qsi —4Si—1 = PSi+1 — PSi-
With 7 = ¢/p and d; = s;41 — s;, this yields d; = rd;_; or d; = ridy.
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Conditioning on ¢ = 0, we see that so = 1. Similarly, s = 0. Then

T-1 T-1 1 TT
J— _ — g i —_ — —
1—80 ST = 2(12— doZOT— do].*T’
1= i=

so that )
—r
d():—m.
Similarly,
T—1 i T
8j = 8 O_SJ_ST__dOZTZ:_dOT]-i:‘a
i=j
so that ) . . -
1—-r rl —r vl —r .
sj_(_l)l—rT( ) 1-r  1—oT"° 0<js<T
b) We have

is indeterminant, ’Hopital’s rule implies

$<1_<i?y> . mim(%“—PDi_4i_i

1im1 ~ = hm1 T= a7 =T
P—35 d 1— p—3 T 1
i <1 N (Tp> ) * 3D (5 ( —p))

Solution to Problem 3.20: See Program S-3.9 and output shown in Figure S-3.8.

function disease
subplot(2,1,1), a=0:80; plot(a,postd(a,10)), xlabel(’age’)
title (°Pr(D|+) For c=10 Cigarettes’)

subplot(2,1,2), ¢=0:40; plot(c,postd(45,c))
xlabel(’Cigarettes per Day’), title (’Pr(D|+) For age=45 Years’)
orient tall

function p=postd(a,c)
b=a/20-3; d=(c+1)*(tanh(b)+1)/100; p=0.95%d ./ (0.95%d + 0.02%(1-d));

Program Listing S-3.9: Pr(D | +) for 0 < a <80, ¢ =10 and Pr(D | 4) for a =45, 0 < ¢ < 40

Solution to Problem 3.21: The function f, is given by c; A} + c2A3, where A; 2 are the solutions of
the characteristic equation A2 — (1 —p) A —p (1 —p) =0, i.e.,

2)\1_’2 =1 —p:l: \/ (1 =+ Qp — 3]92)
Using the starting values f; and fs, the solution to the two equations
cdi+ede =0, M+ o] =p?

gives the values of coefficients ¢; and cq, i.e., with w = /(1 4 2p — 3p?),

P’ —2p° P’ 2p
Cl = = s 02 = =

M=) (p—w-1Dw (A=) (prw-—-1w

2
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Pr(D|+) For c=10 Cigarettes
T T T

age

Pr(D|+) For age=45 Years
T T T

That is,
fn

. . . . . .
10 15 20 25 30 35 40
Cigarettes per Day

Figure S-3.8: Output from disease

= Cl)\il + Cg)\g

=y (8 8

p—|—w—1_p—w—1
myw1((1—p—4w"27’ (1—p+4wn2”>

p+w—1 p—w—1

— glonp2,l (<1 W) —(1—p— w)n71> .

For low values of n, this can be simplified; several are shown in the following table.

o] fu |
1]0

2p2

3 p*(1-p)

4 | p*(1-p)

5 | p2(p+1)(1-p)°

To verify that > o, f, =1,

dofi
i=1

P! 221—1‘ ((1 Cptw) T o (1—p— w)i71>
i=1

9 _100 1—-p+w il 9 _100 1—-p—w
S () e g (e
i=2 i=2

o s1fl-ptw 9o 1fl-p—-w
pw |\ ——— | -pw
1+p—w 1+p+w

?

i—1
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after some simplification using Maple. For the expected value, using Maple gives

oo o0

Slifi = pU}1§:Z< p+w> p101§: <1p w>1

s (0 -—p+tw)B+p—w) . B+ptw)(1—p—w)
(1+p—w) (1+p+w)?

|
=
g

as was to be shown.
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Solutions to Chapter 4:
Univariate Random Variables

Solution to Problem 4.1: Pr(X >1)=1—Pr(X =1) =0.7 and

Pr(X=2nX>1) Pr(X=2)
Pr(X=2|X>1)= _ Pr(X —2) 0.
r( [ X>1) Pr(X > 1) prxsn) Lt ) =0.56,

so that
Pr(X>2)=1-Pr(X=1)—-Pr(X=2)=1-0.3-0.56 =0.14.

Solution to Problem 4.2:

1 1 1 2—v2
Pr(X=0)+Pr(X=1)=g=p+tpi=;=p"-2+5=0=p= 2\[.
Because X ~ Geo (p), it follows that
1-— 1
EX]=— 2=~ ~24142.
P V2-1
Solution to Problem 4.3: For density (4.16) with ¢ =1 — p,
E[X] =) afx(®)=p) z¢" = pSi,
x=0 x=0
where
S = q+2¢*+343+ -
qS1 = @’ +2¢° +3¢" + -
Sl_qsl — q+q2+q3+zi
l—q
so that )
q —-p
Sy = . E[X]=pS = —2P
R A==
For E [X?| using density (4.18),
E[X?] =) 2’fx(z)=p) a*¢" ' =p) a’¢"' = pS,,
r=1 r=1 z=1
where
Sy = 1+4g+9¢*+16¢> + -+ 2%¢" " + - -
qS> = g+4¢°+ 9P+ -+ (= 1) "+
Sy —qSy = 14+3¢+5¢+7¢+- + 2z —1)g" '+
= (2Z+1)ql:251+ qZ:2 2+7a
i=0 ; (1-q)° l-g

49



so that

Sy =2 1 3 ! - 1+q37 ]E[XQ]_ZEP
1-¢q)° (-9 (1-9q) p
and )
2—p (1) 1—
V(X) = —(= ,
X p? P p?

which holds for both density (4.16) and (4.18) because V(X — 1) =V (X).

Solution to Problem 4.4: From the definition of expected value and the binomial theorem,

E[X] = Z:L‘fx(m) = Zm(i)pi(l —p)" T = Z (nx;ﬂ)'x'p (1—p)*

x=0 =0 =1
n—1
—an—n_l P =p)" T =mp) P g -yt
(n—x)! (xz —1)! =\ k
=nplp+(1—p)""" =np,

where k =14 — 1.
Solution to Problem 4.5: Let Y = 0 X. Then, with g = E[X], E[Y] = op and
pa(Y) _ E[Y-EN]DY  E[eX-on)'] _ E[X-p)'] _ m(X)

i) E[-EYD)) (EleX —ow?])’  AE[X-p?])? X))
Solution to Problem 4.6:
a) On the first toss, the probability of no sixes is (5/6)%, so that

p=1-(5/6)"
is the probability of at least one six. The number of tosses (of all d dice) until at least one six

occurs is clearly geometrically distributed, so the expected number of rolls until at least one

six occurs is 1/p or
1 1 67

p 1-(5/6) 64—51
On the toss which produced at least one six, the probability of getting exactly one six is
. d—1 d—1
P 1/d\1 /5 5
Pr (one six | at least one six) = rionesw) (OI;G six) = , <1) G (6) = diGd —a

Similarly, on the toss which produced at least one six, the probability of getting exactly k sixes

is

L(d) (1\"/5\“"  rd\ 57k

() 6) G) - (e
The critical step is now: If, say, T initial tosses were required to produce at least one six, and
k sixes occurred on that trial, then the expected total number of tosses is T+ E 4_x[N]. That

is, if k is fixed, we expect

1
— +E4-1[N]
p
tosses. Taking the fact that k is random into account and that events {k =1},...,{k =d}
are disjoint gives (with j = d — k and reversing the order of summation),
d
1 d\ 5i*k
Ey4[N] = - -E N
a[N] p+k§_:l(k)6d d—k[N]

d—1

64 d\ 5
= 64 — 5d +jgo (j)Gd_5dEj[N]

- sl (o).
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b)

d)

The result follows because E o[N] = 0.

The following Matlab function can be used to evaluate the mean of N. (It requires evaluation
of the binomial coefficient as given in Listing 1.1).

function e = dsixes(d)
e=zeros(d,1); % reserve memory for faster execution.
e(1)=6;
for m=2:d
s=0;
for k=1:m, s=s + 5"k * c(m,k) * e(k); end
e(m)=(6"m + s) / (6"m - 5°m);
end

To do this exercise, familiarity with (among other things) the very basics of regression is
required. The following handful of commands should help get the less initiated on the right
track. (To discover which Matlab function performs regression, type help stats; to learn how
it works, type help regress.)

d=50; % that’s enough for now

e = nsixes(d); 7 compute expected value for n=1 through n=50
plot(l:d,e) % have a look: it is nonlinear!

% What functions have some resemblance? log(n), 1/n and sqrt(n)
% So try one or more of them as regressors (with a constant).

% Here’s an example for building a regressor matrix:

kon = ones(d,1); v=(1:d)’; X = [kon v 1./v];
[B,BINT,R,RINT,STATS] = REGRESS(e,X); B, STATS(1)

Some trial and error reveals that the regressors 1/d and v/d (and a constant) work very well,
yielding (for the expectation values for d = 150 through d = 200) a parsimonious model with
an R? measure of fit of 0.9999998 and coefficients

E 4[N] ~ 26.4604689 + 0.554971041v/d — 313.709051d .

For d = 394 (which is well outside of the range used for “estimation”), E 394[N] = 0.36452
exactly, with the approximation yielding 36.68. After d = 394, the previous program fails to
work. For d = 1,000, the approximation yields 43.70; for n = 10,000, it gives 81.93.

The following Matlab function can be used to simulate the r.v. N S times, based on d dice.

function vec =dsixessim(d,S)
vec=zeros(S,1);
m=d;
for i=1:S
if mod(i,100)==0, i, end % just show the progress
z=0;
while d>0
w=unidrnd(6,d,1);
x =sum(w==6) ;
d=d-x;
z=z+1;
end
d=m;
vec(i)=z;
end
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e) It is easy to see that A°N B¢ = ) so that, from De Morgan’s law, Pr (AU B) = 1. Also, A°¢
implies B, i.e., A° C B, and B¢ implies A, i.e., B¢ C A.

The Venn diagram looks something like that in the figure below.

AC

For Pr(A), using the hint, the probability that a single die does not show a 6 after x throws
is clearly (5/6)". The complement (i.e., after  throws, it shows a 6) thus has probability
1—(5/6)". Now, the independence of the dice imply

Pr(A) = (1- (5/6)")".

(It might help to imagine that, at each toss, all the dice are thrown, but you keep track of

d
which have already displayed a 6 at least once.) Similarly, Pr(B) = 1 — (1 - (5/6)‘%1) .
Thus, with p =5/6,

T €T — d
Pr(N=z;d)=1-p")" -~ (1-p" ) Ips y(x), deN (S-4.1)

For z = 1, this reduces to (1/6)%, which is clearly correct, while for d = 1,

Pr(N=z;1)= (Z)x_l - (Z)x = é (gy_lﬂg,z,...} (2),

which is just the geometric distribution and also correct. Figure S-4.1 compares the derived
mass function to kernel density estimates of simulated values,?* confirming its correctness.

0.07F
0.06+
0.05
o.04af /
0.03+ /
0.02r /

0.01 /

OO 10 20 30 40 50 60

Figure S-4.1: Mass functions (S-4.1) (solid lines) and kernel density estimates of the simulated density (dashed lines)
based on 10,000 replications, for d = 10, d = 30 and d = 60, from left to right.

24 Kernel density estimation can be thought of as “connecting the dots” formed by the bars in a histogram, and then
scaling it such that it is a proper density (i.e., that it integrates to one). More detail on this, and a program to compute
it, will be given in §7.4.2.
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f) Using the binomial theorem,

EaN = Do (0-p) - (-

r=1

S (£ £
) ix é () - é (5) e
- S5 rre

Noting that the inner product is zero for 5 = 0, switching the sums, and using the fact that,

for g = p7,
qua:: q -
z=1 (1-19)
we have

= é(j) (-1’ (1-p7) a _p]pj)g
- ()

Solution to Problem 4.7:

a) The number of trials performed until (and including) a 5 or 7 appears is geometric with
p=Pr{X=5}U{X=7}) =Pr(X=5)4+Pr(X=7) = 10/36 and, from Problem 4.3,
expected value p~! = 3.6.

b) Solution 1 Define E; to be the event that neither X =5 or X = 7 on the first i — 1 trials,
but X =5 on the it trial. As Pr(E;) = (1 — 2)7" 4

o0

Pr(E):Pr(UEi> = Pr(EQ:éZ(ﬁ) . :%.

i=1

Solution 2 Consider the first trial. Let F' be the event that it results in X = 5, G the event
that X = 7 and H the event that X ¢ {5,7}, i.e., the first trial results in something other
than 5 or 7. Note that events F', G and H partition the first trial without overlap, i.e., events
F, G and H are exclusive and exhaustive, and that Pr(FE | F) = 1, Pr(F | G) = 0 and, as
trials are independent, Pr (E | H) = Pr (FE). It follows that

Pr(E)=Pr(F)+Pr(E)(1-Pr(F)—-Pr(G)),
which, upon solving, gives (4.13). Plugging in the values for this problem yields Pr (E) = 2/5.

Solution to Problem 4.8:
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a) Simple calculation shows Pr (S =7) = 6/36 and Pr (S <4) = 1/36 + 2/36 + 3/36 = 6/36.
These two events are disjoint, so that Pr (S =7US <4) = 1/3 and, from the nature of the
trials and stopping procedure, N ~ Geo (1/3) with density (4.18) and, from Problem 4.3,
E[N] =3 and V(N) =6.

b) Because the two events are equally likely, from (4.13), the answer is 1/2.

Solution to Problem 4.9: From (4.10),

Pr(X =2z)= e—;")\‘” 1 —1e*>‘ = (e iLl) ]
and
1 A A= At A A
E[X]:ek—lzz:zl E:ex_lz;l(x_l)!:ek—le)\zl—e—’\
and, as
1 & A SR P N
E[X(X —1)] = 1;“””‘” I= lgg(xw)'_l
we have

Solution to Problem 4.10: This is

3 23 21
1-242.2243.2- =15
R Y

Solution to Problem 4.11:

a) Denote a defective as D and a nondefective as G. Notice that, for T' = 3, the event {GGG}
also identifies the 2 defectives as being the 2 components remaining. Thus,

21 1
P1"(T—2)—P1F(DD)_51_E
321 231 321
= frng P — ——— - -
Pr(T =3) =Pr(GDD) + Pr(DGD) + Pr (GGG) 543+543+543
_3
10
Pr(T=1)=1-Pr(T=2)-Pr(T=3) =1,
and zero otherwise. Also,
1 3 6
E[T] =275 +3 {5 +4- 15 =35,

b) This is similar to the N = 5 case, again noticing that, for T = N — 2, there is the additional
possibility that all N — 2 chosen items are nondefective, so that one knows that the remaining
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2 are the defective ones. We have

2 1 N\ !
Pr(T = 3) = Pr(GDD) + Pr (DGD)
_N-2 2 1  2N-2 1 72N71
N N—-1IN—-2 NN-1N-2 “\2

A L
Pr(T'=4) =Pr(GGDD) +Pr(GDGD) + Pr (DGGD) = 3(2 >

Pr(T =N —3)= (N —4)

//~
o2
S~

e —n-n-ov-a(Y) em ()

N—2 times
—(N-3) (J;f)_l N (%é))(g) _ (N2 (];f) -
and
Pr(T=N—1)= _JVV:QPT(T:Z)
:1_(J;7>1(1+2+"'+(N—4)+(N—2))
(MY (1 W =)
12(i>(N<3)—:N2)24 N—)Q
N(N-1) N(N—-1)
—2(N2)<];[>1
so that

(t—1) if2<t<N-3
N '] N=2 ift=N-—2
> 2(N—-2) ift=N-1
0 otherwise.

fT(t;N)<

c) Using the rules of summation discussed in Example 1.18,

N-3 -1 /N-3
Blr)= Y e ()= () (Zt<tl>+<N2>2+z<N2><N1>>

B ;:(jv—z) (N +2) -
- 3(N-1)

and

— N-3
E[T2]=(Z2V) (Zt?(t—1>+<N—2>3+2<N—2><N—1>2>
t=2

_ 3N*+2N3 —27N? + 10N + 24
B 6N (N —1)
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so that

V(1) =E[T%] - (E[1))’
_ 3N* 4 2N? —2TN?2 4 10N +24  [(2(N —2) (N +2)\?
N 6N (N —1) 3(N—1)
N5 — 3N* — 23N3 4+ 111N2? — 86N — 72
18N (N —1)* '

d) Clearly, E[t] — %N , which is reasonable because, on average, the 2 defectives will partition
the random “row” of components into 3 sections, so that one must sample 2/3 of them to
reach the 2" defective. See §6.4.3 for a more formal presentation of this argument.

e) Listing S-4.1 shows one way.

f) In order for T = N — 1, it must be the case that a defective and a nondefective are the last
two items remaining whose status is unknown and one of which will be inspected. There are

(g:f) @) out of (g) ways which this can occur.

From the plots, it appears as though the probability decays geometrically. With X = N—T', we
analytically know fx (1) = Pr(X = 1). For fx(z), z > 2, we could take fx(x) ~ p(1 — p)*~2.
For example, with N = 48 and D = N/4 = 12, simulation gives the empirical values 0.30,
0.20, 0.14, 0.10, 0.06 and 0.04 for X = 2 through X = 7. Taking p = 0.30 gives approximate
probabilities of 0.300, 0.210, 0.147, 0.103, 0.072 and 0.050, which are indeed quite close to the
empirical values. (The estimate of p, denoted p, can be obtained as 1/X, which gave 0.3005
in this case. Estimation in general, and a discussion of this estimator for p, will be discussed
in a later chapter.)

One might guess that the geometric approximation works well for large values of N and values
of D which grow with N, e.g., D = N/4. The ambitious reader could try to verify this by
simulation for a large variety of N and D and attempt to further approximate p as a simple
function of N and D.

Solution to Problem 4.12:
a) Taking X; =N, — K, z;=N; —k,i=1,2 and N = N; + N5 shows that

f (ks N1, No,p) = Pr (K =k | N1, N2, p)
= Pr (X3 = znlhpe) + Pr(X; = 2 Nrhpe)

N —k _
- ( N )pN1+1(1_p>N2 "o,y (k)
1

1,...n} (F). (S-4.2)

13

A Matlab program which accomplishes the desired task is shown in Listing S-4.2. It is “re-
stricted” to having N7 > Ns.

b) Listing S-4.3 shows one possible way of programming this.
Solution to Problem 4.13: We have that Ex [K] is given by

SR e ()

i=0 k=0

_ 1:01 (k+1) <2NN__kl_2) ( )w“ +1§(k+1) (ZN _Nk_Q) (;)QN“

N[ =

k=0
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function [e,v,tests]=electriciden(n,d,sim);
e=0; esq=0; if nargout>=3, tests=zeros(sim,1); end
for i=1:sim;
a=electricsim(n,d,0);
e=e+a; esqg=esqg+a.”2;
if nargout>=3, tests(i)=a; end
end;
e=e/sim; esq=esq/sim; v=esq-e.*e;
if d==2 J, for this we have an exact solution

true_e = 2% (n-2)*(n+2)/3/(n-1)
true_v = (0”5 - 3*%n"4 - 23*n"3 + 111*n"2 -86*n -72) / (18*n*x(n-1)"2)
end

function a=electricsim(n,d,zaehler);

a=0;
k=n-d; % k is number of nondefectives
if k>=1; % If at least one nondefective remaining, keep drawing

if d>=1; % If at least one defective remaining, keep drawing
y=unifrnd(0,1);
a=zaehler;
zaehler=zaehler+1;
if y<=(d/n); a=electricsim(n-1,d-1,zaehler); J draw a defective
else, a=electricsim(n-1,d,zaehler); Y% draw a nondefective
end;
else
if zaehler>a; a=zaehler; end;
end;
else
if zaehler>a; a=zaehler; end;
end;

Program Listing S-4.1: Parameters n and d correspond to N and D, while sim is the desired number of replications to
perform. Observe how the subprogram electricsim uses recursion (it calls itself) and keeps track of the number of required
inspections via variable zaehler (Zéhler being German for counter).
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function vec=banach(nl,n2,p,sim)
vec=zeros(sim,1);
for i=1:sim
vec(i)=simul(nl,n2,p); if mod(i,100)==0, i, end
end
tt=tabulate(vec+1); a=tt(:,2); mx=tt(end,1)-1; b=0:mx; a=a./sim;
true=echt(nl,n2,p); plot(b,a,’r-’,0:mx,true(l:mx+1),’go’)
mn=min(vec); ax=axis; axis([mn mx 0 ax(4)]), set(gca,’fontsize’,14)

function echte=echt(nl,n2,p) % true mass function
mx=max(ni,n2); echte=zeros(1,mx); n=nl+n2; d=0:mx;
d1=0:n2; hil=c(n-di,n1);
k1=p~(ni+1).*(1-p).~(n2-d1); hi=h1.*ki;

d2=0:n1; h2=c(n-d4,n2);

k2=(1-p) " (n2+1) .*p.~ (n1-d2) ; h2=h2.*k2;

if ni>n2

g=zeros(1,n1-n2); hi=[hl,g];
else

g=zeros(1,n2-n1); h2=[h2,g];
end

echte=h1+h2;

function output=simul(nl,n2,p);
ok=1; zaehlerone=0; zaehlertwo=0;
while ok
y=unifrnd(0,1,1,1);
if y<p % box 1
if n1==0, x=n2; ok=0; end
if n1>0, nl=nl-1; zaehlerone=zaehlerone+l; end
end
if y>p
if n2==0, x=nl; ok=0; end
if n2>0, n2=n2-1; zaehlertwo=zaehlertwo+1l; end
end
end
output=x;

Program Listing S-4.2: Plots (S-4.2) overlaid with simulated values
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function minmax=banachmultisim(N,p,sim)
if any(p<=0) | any(p>=1) | sum(p)~=1, error(’bad p’), end
w=max (N); y=zeros(2,sim);
for i=1l:sim

[s,d]=banachmulti(N,p);

y(1:2,i)=[s,d]’;
end
ttl=tabulate(y(1l,1:sim)+1); tt2=tabulate(y(2,1:sim)+1);
a=tt1(:,2); b=tt2(:,2); mx=ttl(end,1)-1; mi=tt2(end,1)-1;
a=a./sim; b=b./sim;
if length(N)==2

plot(0:mx,a,’r-’), title(’Mass Function of Remaining Matches’)
else

plot(0:mx,a,’r-’,0:mi,b, ’b--")

title(’Marginal Mass Function of Minimum and Maximum Remaining Matches’)
end
minmax=y’;

function [ma,mi]=banachmulti(x,p);
n=length(x); ok=1; mi=min(x);
while ok==
s=0; zaehler=0; r=unifrnd(0,1,1,1);
for i=1:n, if zaehler==0
s=s+p(i);
if r<s, zaehler=i; end
end, end
x(zaehler)=x(zaehler)-1; mi=min(x); ma=max(x);
if mi<1, ok=0; end
end
help=find(x==0); x(help)=max(x)+1; mi=min(x);

Program Listing S-4.3: Plots the mass function of the min and max of the remaining matches in the “vector” Banach
matchbox problem
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Thus, G is given by
N-1 2AN-1)—k N-1
2(N-1)—Fk\ (1 2(N —
DECE N IOREE ) (%
k=0 k=0
and, with j =k +2, H is
ZNJ . <2N—j> <1>2N"’“
N 2
Jj=2
N 2N —j N
2N —j 1
{D( IO
Jj=2 j

DIONNN

()6
- (56} (- ()0 () @)
_ 2N[K];+<2]<]V>(2> o

Simplifying G + H yields the recursion

Ey [K] = Eyx_1 [K] + (2N> (1)2N, E, [K] = %

N[ =

N

N 2

Solving and using (1.10), (1.9) and (1.6) to simplify yields

N . 2% N 1 N .
2\ (1 i (—5 i—1/2 N+1/2
Ey K] = =) = - 2)= - —1.
=2 (0 6) xev () -% 7))
Finally, using the approximation to (N ngl/ 2) in (A.95) yields

2N +1
Ey[K]~-1+ Ve ~—142yN/m.

Solution to Problem 4.14: If this holds for n, then, for n 4+ 1,

n+1

E mcm n+1 + § mcCm, ,n+1

m=n+1

n n+l—m

1 -1 1
- Z(m—l)! 2 (i!) o

n!
m=1 1=0

n n+l—-m
- E[M|n]+z( L .

E[M | n+1]

— DI (n+1-—m)  nl

so that we must show that

SRR S RS
m:l(m

- D' (n+1—m)! n!’ mzl(m—l)!(nJrlfm)!'

But, with 7 = m — 1 and repeated use of (1.4),

n n! (_1)7L—77L
Z (m—1!(n+1—m)!

m=1
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is equal to

j=1 j=2
= 1-)"'+a-!
= n—(n—1) ;
- E (e
SN
— (_1)77,7(7171)71 — (_1)0 — 1.
Solution to Problem 4.15: Withp=1— \/r,
r+z—1
fx (zrp) = ( >P ]I{o 1,...}( z)
(r+z-1) A\
- (r—Dlr 1 r) a 2o (@)
—1 —e—A

so that X = Poi ()).
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Solutions to Chapter 5:
Multivariate Random Variables

Solution to Problem 5.1:

PI'(X1>b1,X2>b2) PI'(b1<)(1<OO7 b2<X2<OO)

L+ Fx, x, (b1,02) — Fx, (b1) — Fx, (b2) .

Solution to Problem 5.2: From the nonnegativity of the variance and (6.4),

X X V(X V(X Cov (X1 X.
0<V(1+2)_ ) ) 0 514,
g1 g9 071 g5 0109
where p = Corr (X1, X5), so that —1 < p. Similarly,
X, X V(X V(X Cov (X1 X.
0§V(1—2>: (21) (22)_2 OV( 1 2):2<1_,0)7
o1 o2 o9 05 0102

implying that p < 1. Together, this yields that |Corr (X7, X3)| < 1.

Solution to Problem 5.3: For the inner integral in

=2/ _ P~ Fy)dedy,

take u = F (x) and dv = dx, so that

Y

/_yooF(x)dx _ F(m)xﬂw—/ o f ()

— 0o

) - [ atwio= [ - oswi

— 00
and substituting,

1=z | @)y = )1~ F(y))dady.

Integrating this expression with respect to y, using u =1 — F (y) and dv = (y — x) gives

< 1

[Tw-ou-rona - {He-ora-ron)

= l/m@—wfﬂw@-

x

2
Thus,

1= g (=) Sy
= 5 [ Jo-arr@swasdy = 3E[06 - x2].
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Solution to Problem 5.4: From the definitions,
E[P] =Pr (P =1) = Pr(at least one B; is one) = Pr (U Al) ,

so that

. (s

i=1

Pr<CJAi> = E[P]=E

= E zn:Bi—ZBiBj—~--+(—1)"+1B1~--Bn
=1

i<j

= ipr (Ai) =D Pr(Aidj) — -+ (=1)""'Pr(4;--- A,).
i=1

1<j

Solution to Problem 5.5: Starting with the boundary conditions, we have Ryg = 1 for d > 0 and
Ryy = 0 for s > 0. Then, for s and d both positive,

Ryq = pRsfl,d + qu,dfl'

Solution to Problem 5.6: Program egg accomplishes this, given in Listings S-5.1 and S-5.2, with
sample output shown in Figures S-5.1, S-5.2 and S-5.3. Note the use of Matlab’s find and tabulate
functions in function getfreqs, which is necessary because not all n € [r, max (needed)] will be
observed in the simulated values.

Simulated density of Yk for k=10
1400

Mean = 11.935 (Theoretical: 11.917)
1200} Var = 2.522 (Theoretical: 2.471)

1000

800 N

600 b

400 b

Fregency using 5000 replications

200 b

ol Ll Ll Ll Ll Ll Ll LI L. - _ - _ L
10 12 14 16 18 20 22 24
Minimum number of draws required to amass 10 from 30 coupons

Figure S-5.1: Histogram output from egg(30,10)
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function egg(r,k,reps,seed)

if nargin<2, k=r; end

if nargin<3, reps=5000; end

if nargin<4, seed=9999; end

rand(’seed’ ,seed); needed=zeros(reps,1);

for i=l:reps
toy=zeros(r,1); 7 boolean vector of r toys
count=0; % how many toys purchased.
while sum(toy)<k
newtoy = unidrnd(r,1,1); % same as ceil(N * rand(1,1));
toy(newtoy)=1; count=count+1;
end
needed(i)=count;
end

hist(needed,range(needed)+1); set(gca,’fontsize’,16)
title ([’Simulated density of Y_k for k=’,int2str(k)],’fontsize’,16);
ylabel ([’Freqency using ’, int2str(reps),’ replications’],’fontsize’,16)
xlabel ([’Minimum number of draws required to amass ’,int2str(k),

> from °’,int2str(r),’ coupons’],’fontsize’,16);

i=0:k-1; mn= r*sum(1l./(r-1)); vr= r*sum(i./(r-1i).72);
outm = [’Mean = ’,sprintf(’%0.3f’ ,mean(needed)),
> (Theoretical: ’,sprintf(’%0.3f’,mn),’)’];
outv = [’Var = ’,sprintf(’}0.3f’,var(needed)),
> (Theoretical: ’,sprintf(’%0.3f’,vr),’)’];
ax=axis;
text( 1*xax(1)/2+ax(2)/2, 10*ax(4)/11, outm, ’fontsize’, 12)
text( 1*ax(1)/2+ax(2)/2, 7*ax(4)/8, outv, ’fontsize’, 12)

if k==r ¥ calculate true pdf values.
uplim=max (needed)+round(sqrt(r/2)); % extend to compare to true probs.
cdf=[]; for n=(r-1):uplim, cdf=[cdf F(n,r)]; end % see function F below
pdf=diff(cdf); % f(X=n) = F(X=n) - F(X=n-1) and F(X=N-1)=0.
emppmf = getfreqs(r,uplim,needed)/reps; % now it sums to one.
figure(2), plot(r:uplim,emppmf-pdf), grid, set(gca,’fontsize’,16)

end

Program Listing S-5.1: Simulate pmf of Y} and measure discrepancy between simulated and actual pmf. The program
is continued below in Listing S-5.2, where function getfregs is given.

65




Simulated density of Y for k=40

250 T T T T T T
Mean = 78.357 (Theoretical: 78.512)
Var = 108.094 (Theoretical: 109.901)
£ 200 .
<
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=
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[=2}
=
2 100 -
>
[
=
D
S
= 50f g
Q
50 60 70 80 90 100 110 120

Minimum number of draws required to amass 40 from 50 coupons

Figure S-5.2: Histogram output from egg(50,40)

[e] 100 200 300 400 500 600

Figure S-5.3: Density comparison output from egg(30,30,20000)

function out=getfreqs(r,uplim,needed);
% necessary because some values of n may not occur
out=zeros(1,uplim-r+1);
tab=tabulate(needed) ; % see below
for i=r:uplim
pos=find(tab(:,1)==1); % did we observe n=i?

if length(pos)>0 % yes, observed at least one value,
out (i-r+1)=tab(pos,2); % so record it in out
end % otherwise, it stays zero.
end

function P=F(n,r)
i=0:(r-1);
P=sum( gammaln(r+1) - gammaln(r-i+1)
- gammaln(i+1l) + n*xlog((r-i)/r) + ix*log(-1) );
P=real (exp(P));

Program Listing S-5.2: Listing S-5.1 continued. tabulate is a built—-in Matlab function with output as two columns,
the first is the value, the second is the frequency
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Solutions to Chapter 6:

Sums of Random Variables

Solution to Problem 6.1:

a) Letting n = n; + no,
PrY=y) = Z Pr(X;i=0)Pr(Xo=y—1)
o e
=0 Yy
+ Y ny N9
— Y (1 —p)rtrey
oo ()0)
n\ |, e
= p(1=p)"",
Gro-n
using the combinatoric identity (1.28).
b) With r =ry + g,
Pr(Y=y) = Y Pr(X;=1i)Pr(Xy=y—1i)
i=—00

Y 7'1+Z‘7
> (")

=0 Yy

=0

r+y—1Y\ ,
= (T ra-er

-

—1

1>p” (1-p) <T2 T

1);0” (1—p)¥"

Yy . .
-1\ [(ro+y—i—1
ritre (1 _ p)Y Tt 2TY
P (1=p)" ) ( ; y—i

using the combinatoric identity (1.58). Another way of verifying this identity is to recall (6.26),

(=S

ie.,

k

and substitute ¢ = x — k, use that (“Ib) =
finally, £ = r1. Doing so yields

re+rot+y t+r—1\ [y
Y {

which is the desired identity with ro replaced by o — 1.

=0

Solution to Problem 6.2:
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— 1+ 79
y—i )

=y, w =1y + ro and,



a) If N is the number of rolls needed, N = 2?21 X;, where the X; are independent geometric
variables with probability p = %, % and %, respectively, so that E[N] =243+ 6 = 11.
b) Now, X; =1, while X3 and X3 are independent geometric variables with respective probabil-
ities p = 3 and %, so that E[N] =1+46/5+6/4 = 3.7.
Solution to Problem 6.3:
a) nis just (;) or r(r — 1) /2, and p is the probability that 2 people have the same birthday, or
1/365.

b) (a) The events are independent because they involve different people from the group, and
Pr(Ey2 | E34) = Pr(Ey2) = 1/365. (b) Because we condition on Ej o this is just the prob-
ability that person 3 has the same birthday as person 1, irrespective of the fact that persons
1 and 2 have the same birthday. Thus Pr(E; 3 | E12) = 1/365. (c) Clearly persons 2 and 3
have the same birthday, so Pr(E23 | E1 2N Ey3) = 1. Thus, trials are pairwise independent,
but not otherwise.

c¢) Using the complement,

p* =1 —Pr(no birthdays in common) ~ 1 —

where A =np = [r(r —1) /2] /365. Solving yields

r= [0.5 +0.5y/(1 —29201n (1 —p*))w ,

the same answer in part 12 of Example 6.2.1.

(g) _ T(rflg('r72)

d) Now we have trials, with probability p = 36572, so that, as before,

e~ A\0

0.5 = 1 — Pr (no birthdays in common) ~ 1 — o

where A=np =[r(r—1)(r—2) /6] /3652 or

0.693 — log (2) = "= 1;6(;:2* 2)/6

Instead of solving, note that W = 0.715 and W = 0.690, so that
r = 84 is the smallest integer for which p, 3 > 0.5 is satisfied.
Solution to Problem 6.4:
a) Define X; to be

1, if i*" pair is man-woman
Xi = .
0, otherwise
fori=1,...,6. Then
6 6 6
E[X]=E lZX] =Y E[X] =) Pr(X;=1)=6E[X)],
i=1 i=1 i=1

because the probability is the same for each pair. To calculate E [X;], consider just one man.
He has a 6/11 chance of being paired with a woman, so that E [X;] = % and, thus,

36
11

E[X] (S-6.1)

Write the variance as



and note that, for i # j,
E[X.X,) = Pr(X, = 1,X, = 1) = Pr(X; =1| X, = )Pr(X; =1) = 2

so that

1
The X; are boolean random variables, so V(X;) = 2 (1 — £), and

6 6 56 6 \2| 380
V(X)—6~H(1—H>+6~5[—<>]—121 1.653. (5-6.2)

b) As in the previous question, for a given man, he has a ﬁ chance of getting his wife, so
E[X] = %. Similarly,

1 1 11 1\ 2030
X)=6—(1-—)46-5|-—— (=] | = == ~5.50.
V(X) 611( 11)*6 5[911 <11>] 363 = 00"

Solution to Problem 6.5:

N
Wy = S IrG)rr 1)yt 1)
1 SN/N-1N\Z+1)Z(Z-1)(Z—r+2
= (Z}N)E(T_1> )Z{ ! ( )T(T—l)-~-(r—g+1)
L EYN-N\EZ4D)Z(Z 1) (Z—1+2)
Py =9
and multiplying this by
B (r—g)! Z+1—g
1(Z+1—g)~--(Z+2—7“)< r—g >

and cancelling terms, N
Hig) = (Z(Ztll\f))[q] Z (]X_ll) <Z :_1 ; g),
N r=1
where the sum could go from r = g instead of » = 1. This can be simplified further by using (1.55),

ie.,
Q+M\ &/ Q\(M
(k—i—M)_z_%(k—H)(z)
With ¢ =7 — 1,
NN\ [Z+1—¢g S /N-1\/Z+1—g
;(7’—1>< r—g ) - i:(}( i )(z’+1—g>
B ((Z+1—g)+(N—1)>
(I-g)+(N-1)
_ (4+tN-g
( N-yg )
so that
, Ay (Nt Z—yg
e U )

as was to be shown.
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Solution to Problem 6.6: From the definition of expected value and using (6.12) for the three cases
ro=ry,ro=r1—land rg =7r; +1,

Z N
'u’igg,gl] = Z Z fR07R1 (Tovrl) (TO - 1)[90] (7"1 — 1)[g1]

To*l T‘lfl

N—1
= QZ Z)+(N )’” Digo) (= Digy)

U Z 1)(N‘1) -
+Z_: Ty (= Dge] (Mg

U Z 1) (N 1)
Z Z+N )[go] (T - 1)[91] ’
where U can be taken to be either Z or N (or anything larger). The first term is, say,
A(Z+N> B QEU: (Z-1)(Z2-2)-(Z4+1-71) (N=1)(N—=2)---(N+1—1r)
Z (r—go—1)! (r—g1—1)!

—1-g\(N—-1-0q
= 2(Z-1
( )[ 91]Z(r—go—1>(T—gl—1
obtained by multiplying by the two terms
1:<Z—1—90) (r—go—1)!
r—go—1)(Z—-1—-go)---(Z—-r+1)

_(N—-1-gq1 (r—g1 —1)!
=0 ) =

for go < r, g1 < r, and simplifying. Similarly, the second term is

Z+N\ (Z+1-r)(N=-1)---(N—1)
B( Z ) N Zl (r— 071) (r—g1)!

20y 3 (L) (Y )

and, by symmetry, the third must be

U
Z+ N . _ B Z —1—go N—-1—-q¢
C( z )_(Z Higar (V 1)[9”§< = g0 )(T—gl—l)'

Factoring out (Z — 1), (N — 1), from terms A, B and C, splitting up the 2 ZTU:1 term in A and
then using (1.4) to combine the binomial coefficients,

(Z — D)) (N —1)gg (D + E)

and

A+B+C = S :
%)
where v
—1—90><N—91> ( —1—91><Z—90>
D= . E= .
Z<T—90—1 r—g1 Z r—g1—1/)\7—90

r=1

Next,as(‘;):0fora<bandwiths:r—go—1andusingU:Z,
z Z—go—1
D=y (Z—l—g())(N—gl): zg: (Z—1—90>( N-g )
p L \T = 90— 1)\ — g1 pors s stg+1-aq
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and, similarly, but taking U = N,

N—gi—1
P (2w
S s+g1—go+1)

Now applying (1.55), i.e.,

Q+M _i Q \ (M
k+M) = \k+i)\ i)
to D and FE, it follows that
ng()*l
D— Z (Z—1—90>< N—-—q ) _ (N—91+Z—1—90>
= i itgo+1-—aq go+l-g+2Z-1-go
_ (Z—l—N—go—gl—l)
Z—q
and
N—gi—1
[ i (N—1—91)< Z = 9o ) _ (Z—90+N—1—91 )
= s s+g1—go+1 g1—go+1+N—-1—qg
_ (Z+N-go—g1—1
Finally, using (1.4),
D+E(Z+N—go—91>
Z—q
and the identity is proven.
Solution to Problem 6.7:
a) Generalizing (6.30) and (6.31),
x r—1
Pr(X=u)=) Pr(X;=i)) Pr(Xy=j)Pr(Xs=a—i—j)
i=0 §=0
and .
Pr(X <az)=) Pr(X;<i)) Pr(Xp=j)Pr(Xs=x—i-j).
i=0 §j=0

b) These are seen to be

and

1- 1- 1-—
V(X):ZV(Xi):ﬁ( 2p1)+7“2( 2p2)+7"3( 2p3) — 69.3333.
D1 b3 b3

c) Listing S-6.1 provides a program for scalar x values. From the Matlab prompt, run the

following:

p=zeros(71,1);

for x=0:70, p(x+1)=negbin3(x,4,1/4,8,2/4,12,3/4); end
plot(0:70, p), hold on

plot(0:70, normpdf(0:70,24,sqrt(69.3333)),’r--’), hold off
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function [pdf,cdf] = negbin3 (x,rl,pl,r2,p2,r3,p3)
global cdfstart
if ri1==0
j=0:x;
pdf = sum( negbinpdf (j,r2,p2) .* negbinpdf (x-j,r3,p3) );
if nargout>1
cdf = sum( cumsum(negbinpdf(j,r2,p2)) .* negbinpdf(x-j,r3,p3) );
end
else
cdfstart=0; pdf=0; cdf=0;
for i=0:x
j=0:(x-1);
t=sum( negbinpdf(j,r2,p2) .* negbinpdf(x-i-j,r3,p3) );
pdf=pdf+t*negbinpdf (i,rl,pl);
if nargout>1
cdf=cdf+t*negbincdf (i,rl,pl);
end
end
end

function den = negbinpdf(x,r,p)
% den=c(r+x-1,x) .* p."r .* (1-p). x;
d=gammaln(r+x) - gammaln(x+1) - gammaln(r) + r*xlog(p) + x * log(l-p);
den=exp(d) ;

function cdf = negbincdf(x,r,p)
global cdfstart
start=cdfstart; % start=sum(negbinpdf (0:(x-1),r,p));
cdf=start + negbinpdf(x,r,p);
cdfstart = cdf; % prepare for next call to negbincdf

Program Listing S-6.1: Computation of the pmf (and cdf if requested) of X = X1 + X2+ X3, where X; 2! NBin (riypi)-
Set r1 to zero for computing the convolution of just X2 and X3.
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60

Figure S-6.1: Exact density of X (solid) and normal approximation (dashed)

The resulting graph is shown in Figure S-6.1. Clearly, X is poorly approximated as a normal
distribution.

Solution to Problem 6.8:
— First note that S; ~ Bin (20, p;) and Ss ~ Bin (20, p2).
a) Pr(S; > S2) = ¢(20), where

g(n) =Y Pr(Sy=1)-Pr(S, <)

:Z (5) <1—p1>“§(’;> 31— p)™

b) Similarly, Pr(S; > 253) = h(20), where

= z:; (n>p1 (1 —pl)"_ité:j ( )pz (1—=p2)"’

c) The event {S; > Sa} is a Bernoulli random variable with parameter pag, where pag := g (20),
so that E[{S1 > S2}] = pao and Var ({S1 > S2}) = pao (1 — pao).

d) B ~ Bin(4,ps), where ps := g(5), so Pr(B >2) = 3 . ()pi (1 —p5)"" and Var(B) =
4ps (1 —ps).
e) Information is lost by only examining the B;.
Solution to Problem 6.9:
a) 1. For k=1, {Ny, = 0} occurs if A is already in his seat, and {Ny,, = 1} if not, so that

1 1
Pr(Niw=0)=~,  Pr(N,=1)= o

n

and 1
E[Nln]:O'PT(Nln:0)+1'Pr(N1n:1):” .

n
Note that event { Ny, = 1} can only occur if n > 2.
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2. For k = 2, there can be zero, one or two people at the front. Event { N3, = 0} can happen
if chairs one and two are filled with A and B, i.e., the two people which belong there, in
either order, so that

P S -1l v}

n(n—1) @)
Event {Na,, = 1} can happen if at the beginning, the first two seats are (in either order),
AX, BX, where X ¢ {A,B}. Each of these occur with the same probability; thus

1n—2
Pr(Nop =1)=4-"
n

n—1

Lastly, event { Na,, = 2} happens if chairs one and two consist of XY, where X,Y ¢ {A, B},

with probability
2\ (n—2
n=2n-3_ ()Y

Pr (Ngn = 2) =

n n—1 (%)
Note that event { Ny, = 2} can occur only if n > 4. Assuming this,
4n—2 n—2n-—3
E[Ny] = 1-= 2.
[Nan] nn—1+ n n-—1
-2
S
n

3. Now for k = 3. Tt is clear that event { N, = 0} can happen if chairs one, two and three
are filled with the three people who belong there (A,B and C), in either order, i.e.,

(g) nn—1)(n-2)

Similarly, with X ¢ {A,B, C}, event {Na, = 1} occurs when one of the events, in any of
their 3! orders, {ABX}, {ACX} and {BCX}, so that

by, oy~ D) 6

3\ (n—3
Pr(NBn — 1) — (2)(n1 )
(5)
Likewise, with X|Y ¢ {A,B,C} , event {Na,, = 2} occurs when one of the events, in any
of their 3! orders, {AXY}, {BXY} and {CXY}, so that

3\ (n—3
Pr(NSn — 2) — (1)(n2 )
(3)
The same logic leads to

Pr (N, =3) = (g)((;)?*g)

where event {N3,, = 3} can occur only if n > 6. Assuming this,

= 0 O0T) = 00> 00

= 3 , n > 6,

after simplifying.
b) Based on the above results, one is behooved to generalize this to Pr (Ny, = j) in the natural

way. Obviously, 0 < j < k, and a bit of thought and trial and error reveals that, for n even,
Jj can be at most n/2, and for n odd, j can be at most (n — 1) /2. Thus, with [n/2] the floor

function,
k n—k
G2) (") .
7H{O,1,...,min(k,Ln/2j)} (J)? 1<k<n. (S—63)

(%)

Pr (Nkn :]) =
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Figure S-6.2: Mass function of Nyg 20 determined via simulation

That this sums to one was shown in (1.33).
Note that (S-6.3) is the pmf of a hypergeometric distribution; in particular, with the denomi-

nator in (S-6.3) written as (,",) instead of (), we see that

Nin ~ HGeo (j; k,n— k,n— k). (S-6.4)

It thus follows directly from (6.21) that

(n—k)k n—k

E [Ngy,] = =k .
[Nin] kE+(n—k) n
Having worked hard for the previous answer and learned a bit, we can now try to work smart:
Result (S-6.4) could be arrived at immediately by noticing that the probability that j students
are standing in front after £ names have been called equals the probability that, out of the
n — k students whose names have not been called, j have been sitting in one of the first k
chairs.

See the program in Listing S-6.2. Calling V=classroom(20,1000) ; simulates the “classroom”
of 20 people 1,000 times, from which any function of interest can be estimated. For example,
hist(V(:,10),20) produces the mass function of Ny 20, as is plotted in Figure S-6.2, which
can be compared to the exact values given by (S-6.3).
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function V=classroom(n,sim,kmax)
if nargin<3, kmax=n-1; end
V=-9999*ones (sim,kmax) ;
for s=1:sim

class = permvec(n); % build the class

front=[];

for i=1:kmax % go through the seats

if class(i) "= i % Person i is not in the ith seat

if class(i)>0
% someone is sitting there, and it is the wrong person
front=union(front,class(i)); % put him in front of the class
class(i)=0; 7% his seat is now empty

end

% Now the ith seat is definitely empty.

% Let’s fill it with the ith person.

if ismember(i,front) % is the correct person in the front?
front=setdiff (front,i); % take him out of the front...

else % He is in some seat between the (i+1)th and nth
loc=find(class==i); % find him
class(loc)=0; % take him out of his seat...

end
class(i)=i; % ...and put him where he belongs.
end
V(s,i)=length(front) ;
end

end

function y = permvec(N)
x=1:N; y=zeros(N,1);
for i=1:N
p = unidrnd(N+1-i); y(i) = x(p); =x=[x(1:(p-1)) x((p+1):(N-i+1))];
end

Program Listing S-6.2: Simulates the “classroom”, whereby n students were seated randomly and the instructor goes
through the rows, seating people alphabetically; those who are in the wrong seat go to the front of the class. For the st®
classroom simulation and at the i*P desk, i = 1,..., kmax, V(s,%) contains the number of students waiting at the front of
the classroom to be seated.
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Solutions to Chapter 7:
Continuous Univariate Random

Variables

Solution to Problem 7.1:
a) We want

oo oo —k
IE[T]:/_ th(t;n)dt:Kn/_ t(l—&—i) dt,

where k = (n + 1) /2. Let’s ignore K,, for now, and just look at the integral. Split it at zero
(because we have t? in the integrand) and let v = ¢2. Then, for ¢ < 0, the solution is t = —/u,
with dt = —2u~'/2du. Also, when t = —oo (the lower bound in the integral) u = oo, and
when ¢t = 0 (the upper bound), u = 0. So,

/_Ooot (1 + ’Z) - /; (—va) (1+ %)_k (—;u—lﬂdu)

Il Il
| |~
H—\\
S— <
g
T
S|
+ e
3| |
N— >
| QU
= 2
QU
N

Similarly, for ¢ > 0, the solution is ¢t = ++/u, with dt = %u‘l/Qdu, and the integral is

o0 2\ 7" o0 —k 1
/ ¢ (1 + ) T / ul/? (1 + 3) Su 2,
0 n 0 n 2

I
N
h
8
—
—
+
3|
~—
-
QU
I

Thus, adding the two pieces, we get that E [T] = 0, if the integral

I/OOO <1+%)_kdu

exists. Now, let v = 1+ u/n, so that u = n (v — 1) and du = ndv, and

o0 n .
Izn/ vy = 1 H = k-1 if k>1,
1 1—-k v=1 . it k<l

Thus, E[T] =0 if k£ > 1, which is the same as k= (n+1) /2> 1, or n > L.
b) First observe that, because of symmetry, the density of |T| is just

fir (&) = 2fr (t;m) Lio,00) (1) -
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Let

t2/n u nl/? _
__um df = Y2 3/2 4
1+2/n’ T g (e T,

so that, after some simplifying,

n+1
—-1/2 00 t2 — T2
E[|T]*] = 2"71/ (1= dt
B(5.3) Jo n
k/2 1
B(%.,3) Jo

This simplifies further to

T k+1
E[|T]"] = n*/? ) z (S-7.1)
r )
c) From the argument of the second gamma term in the numerator of (S-7.1), we see that E[ Al ]
exists only if n > k.

"
¥
i
3
il
S—
Al

d) For k =2, we have, for n > 2, that E [|T|2] =E [T?], and E [T?] = V (T) because E [T] = 0.
Thus, from (S-7.1),

e) Use the substitution u = 1422 /n (so that x = —n'/? (u — 1)1/2 and dz = —n'/? (1/2) (u — 1)71/2 du),
followed by n = (u— 1) /u (so that u = (1 —n)~" and du = (1 — n)”>dn) to get

n-1/2

() = gamim /,oo (1+at/m) " do

1 /Oo —(nt1)/2 —1/2
= —_—— u u — 1 du
B (/21/2) Jyseem (w=1)

1 ! L _
—1/2 1— (n—2)/2
2B (n/2,1/2) /H ntdmn .

where ) )
T | B S S
1+t2/n n+t2 n+ t2
Thus, as
1 1—g
[t @i [y e ay,
g 0
we have

1

22 -1/2 1z
FT(t):W/o Yy (1-y) dy:QBL(n/2,1/2).

Solution to Problem 7.2: Letting ¢ denote the desired quantile, we have

2/7’L c 9 —(2+4n)/2 n n/2
l—a= ——— 1+ — =1
) () =1 (H)

orc=n(a"2/"-1)/2.
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Solution to Problem 7.3: Using [udv = uwv — [ vdu with u = z and dv = e™*dz,

oo oo
— — o0 — — oo _ oo
ze *dx = —xze *| — —e Pdr = —ze *| —e "
0 0 0
0 0
. 1
= —lim ——-(-1)=1- lim — =1,
r—o00 et r—o00 et

from I’'Hopital’s rule. Alternatively, notice that fooo xze *dr = E[Y], where Y ~ exp (1), but
E[Y]=1.

Solution to Problem 7.4: Some trial and error shows that the substitution u = r/ (1 + r) is advanta-
geous. With it, 7 = u/ (1 —u), 147 =1/ (1 —u) and dr = (1 — u) " du, so that

1 1/2 " a1
[rtaen e = ( ) (1= w* (1= u) " du
0 0 1—u

1/2 B
= / w1 —w)* du = (a,a).
O 2

Similarly, the expected value of R is

1 B 9 L s
/OrfR(T)dr = B(cua)/o r*(1+r) “dr

ﬁ /01/2 (1“u> (1—w)> (1 —u) "~ du

2 1/2 _92 B1/2(a+la—l)
= — “(1-w)" Tdu=2 :
Bl [, wO-w Blaa)

as was determined in Example 7.10.
Solution to Problem 7.5: Using the substitution ¢ = v2?, then de/dzx = 2vz and, from (7.65),

2—1//2

\V/2—1 (g2 2
om0 e T L) (0

fx (2)

j—; fe(e)=2v

2—u/2+1 v/2
= 7V$V_1€_(VI2)/2H(0700) (x).

T (v/2)

For v =1,

with expected value

E[X] = \\/[;/Oooxexp{—;xz}dx = \/\f; (_e—%f)’c: = :/[;,

which is, of course, the same result as given in (7.39). For the second moment, substitute u = 22 /2
so that = +v2u (because z > 0), dz = (2u)71/2 du and

E[X?] = % /OOO ut/? exp {—u} du = %F (3/2) =1,

recalling that I"(3/2) = v/7/2. Thus, V(X) =1 —2/7 ~ 0.36338.

Solution to Problem 7.6: Similar to Example 7.14,

Fy(y) = Pr(Y <y)=Pr(-vy <X <) =Fx (Vi) = Fx (=)
- q)(@)_@(@)
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Differentiating,

) = gz (oY) +o (221
< e (oSO P (5 )
for y > 0. This can also be written as
= () (o0 (3) o ()

The expected value appears difficult to calculate directly, but there is no need: From (4.49), E[Y] =
E [X?] = 62 + p?. For the variance, with k = E [X?] = ¢ + 12,

V() =V (X?) =E[(X2 - k)*] =E[X*] - 2
and, from (4.49) and Example 7.3,
E [X*] = pa + 4psp + 6pop® + p* = 30 + 60° 1 + p
so that
V(YY) = 30*+60%u%+ pt — (02 + u2)2

= 20° (02 + 2u2) .

Solution to Problem 7.7: With y = ax®, z = (y/a)l/b and dz = (ab)™" (y/a)l/bf1 dy so that, from
(7.65),

dx
dy

n b\ n _

ny/no (nﬁ (y/a)l/ ) 1/2-1 Y\ 1/b—1 W)

- - o) \Y

abB ( nz N B (n1+7n2)/2 (a) (0,00)
(2 2)(1+n7;(y/a)1/)

a2/ (2b) (n2/n1)n2/2 y(n1—20)/(2b) ’

b B(n1/2,n2/2) (a'/bny/ny + yl/b>("1+"2)/2 (0,00) ()

(nl/nz)n1/2 (y/a)nl/(zb)_l
ab B (n1/2,n2/2) (1 + (n1/n2) (y/a)l/b>

Iy (y) fx (x)

(n14n2)/2 L(0,00) (Y),

after some simplification. The cdf is easily seen to be

_ B _ (M 2 __my/"
B ) =P (w/a)'") =B, (3. 3). v= 20

The raw moments are simply given by E[Y"] =E [(aXb)r] =a"E [XbT].
Solution to Problem 7.8: From (7.68) we require

1—r

T « xa—le—,ﬂx
lim fz (@) = lim p — x lim %
=0t " a—0+ I'(a) a7 T—0+

to be finite. This holds when a > 1. Recall that this is a sufficient (but not necessary) condition,
so that this does not show that E [Z_l] does not exist for a < 1.

Solution to Problem 7.9:

80



a)

b)

d)

5)

For E [Z] with ¢ = fz,

E[Z] = /000 FB(Z) z%exp (—fz)dz = FB(C;) /000 (;)aexp (=¢) %dc

Similarly,

a—1
Both of these could also be obtained directly from the more general expression in (7.9).

With z = 1/y and dz/dy = —y~2, (7.65) gives

) = fz(2)-y %= FB((;) (;) _ e 1 (0,00 (2) -y

— g —(a+1) ,—2

As f(y;a,8) = B7Lf (y/B;a,1), B is a (genuine) scale parameter. Of course, this follows
without recourse to the density, because, if G ~ Gam(a, 1), then Z = G/ ~ Gam(a, f),
G ~ IGam(a,1) and Y = 1/Z = /G is just a scale value (3) times a scale—one inverse
gamma random variable.

Because Y > 0,
Pr(Y<y)—Pr<>) =1-Pr(Z<y"),

where Z ~ Gam (a, b).
Using (S-7.2) and the change of variable z = 3/y, y = 8/, dy = — Bz~ 2dx,

/ _ ] __ ﬁa * r—(a+1) 7% _ /Ba ﬁ r-letl) s 2
., = E[Y ]_I‘(a)/o y"letemvdy = I‘(a)/ ( ) e *Bx " dx
(@)

0
0 \T
[eS)

B 6a ) ,3 r—(a+1) . . B B 1 r—oa+1 .
- r<a>/o (x> ¢ d“r*/o <x) ¢

— /Br > (a—7r)—1_—=x _F(Oé—?") r
= /0 T e dx_il"(a) 8.

For r =1, ( )
~ JT(a-1) B
EY) = A = oo

which is, of course, just E [Z7!] as found previously. From (7.9),

_ 8?
E[Z7% = —F
O Py )
so that, with Y =1/Z,
2 2
V(YY) = E[Y?] —(E[Y])®= 5 —(5)
B 1 _ B2 _
_ al(aQ al)_(a_1>2(a_2>. (5-7.3)
Clearly, E[Z] and E [Z ’1] are not reciprocals, but
%_ agl _ 5t (S-7.4)



and 5 5 5
afl_a:a(afl) (8-7.5)

so that, from the first, 3 needs to be large and, from the second, a? needs to be large, but such
that 3/a? goes to zero. This is satisfied, for example, with a = ¢f3, ¢ > 0, and then taking the
limit as § — oo. In particular, (S-7.4) clearly goes to zero as 8 — oo, while (S-7.5) gives

lim L lim —— =0.

oo a(a—1) p—ooc(cf—1)

Notice that E[Z] = a/B8 = ¢/ = ¢ stays constant, but V(Z) = a/B? = ¢/B — 0. Thus, as
« and f increase such that o = ¢f3, the density piles up onto the point c¢. Clearly then, the
density of its reciprocal will pile up onto 1/¢, with expected value 1/c¢ and zero variance. To
see the latter, from (S-7.3),

lim V(Y) = lim i =
e 555 (cf — 1) (B —2)

Solution to Problem 7.10: With y =z — 1,

1 1 1 1
I :/ (y+1) efyzdy :/ yefy2dy—|—/ efy2dy = 0—|—/ efyzdy
1 -1 -1 —1

and, with 02 = 1/2,

1 2
/ eV’ dy = V2 a/ e 2%dy =\2moPr(-1< X <1)
—1 1\/ To

where X ~ N (0, 02). But

Pr(—nggl):Pr(l/_jing1/1\/§>:1—2<I><—\/§),

where Z ~ N (0,1), i.e., I = V270 (1 — 28 (—+/2)) = 1.4936483.

Solution to Problem 7.11: We recognize I to be E [XQ], where X ~ N (0,02), o= 1/\/5, without
the constant term. As E [X?] = p? + 02 =1/2,

1 1 * 1(x)2) 1 /°° o a2
— = zoexp| —- (— dr = — e " dx,
2 \/ﬂg/,oo p( 2 o N

so that I = \/7/2.

Solution to Problem 7.12:

a)

Necessity means that, if E[X] exists, then

lim z (1 — Fx (z)) =0.

Tr—r00

IfE[X] = [;°t fx (t)dt exists, then

lim t fx (t)dt =0.

Tr—r00 T

So, as lim,; ooz (1 — Fx (x)) > 0 and

lim z (1 - Fx (x —hmx/ fx(t t<hm/ tfx(t
T—00 T—00



it follows that lim, ,. z (1 — Fx (z)) = 0.

To show that the expectation of a Cauchy random variable does not exist, note that the
theorem is valid for nonnegative r.v.s, so, we must first show that we apply it to E[|X\]

Observe that, if X is a random variable with density fx symmetric about zero, then fx (—z) =
fx (z) and, substituting u = —x,

IE[X}:/O fo(z)dm—l—/Ooo:z:fX(x)dx:—/Oooufx(u)du+/ooozfx(x)dx:0,

— 00

if [°xfx (x)dx exists. If it does, then, as E[g(X)] = [ g (=) f (z)dz,

0 o
BIX) = [ lelix@dot [ ol fx (@)da

0(><> 9]

= [ con@as [ e @a

0 oo oo

= —/ xfx(x)dx—i—/ xfx(x)dx:2/ xfx (x)dz,

oo 0 0
where f_ooo zfx (x)dz = — [;° ufx (u)du from above.

The latter result can also be seen as follows. If Z = |X| and fx is symmetric about zero, then

Fz(z) = Pr(Z<z)=Pr(|X|<z)=Pr(—z2<X <2
= Fx(2) = Fx(—2)=[l—-Fx(-2)] - Fx(-2)
= 1-2Fx(—2)

and AF
f2() = Y2E) (e = 21400

dz
so that E[| X[ =2 [;° zfx (z) dz.

We see that, if fx (—x) = fx (z) and E [X] exists, then E [| X |] exists. The contrapositive then
implies that, if E[|X|] does not exist, then E [X] does not exist.

If X is the absolute value of a standard Cauchy random variable, then
2 1 2
fx () = . and Fx (z) = - arctan () .

As lim, 00 (1 — Fx (z)) = 0, 'Hopital’s rule gives

. . (1 — 2 arctan (z)) . _%T}IQ 2
g, o (1= Fx (@) = Jig, Ur Al T o

which is nonzero.
The necessity of the condition implies that E[|X|], and thus, E[X], does not exist.
b) Let u=1— Fx (x) and dv = dz, so that

1

/Oo(l—FX(x))-lda:
0

= uv|8°—/ooovdu: r(1—Fx (x))|8°—/000(—1)xF)’((x)dx

Tr— 00

= lim m(l—FX(x))+/()oofo(x)dm
= E[X],

provided lim, o, 2 (1 — Fx ()) = 0, which is a necessary condition for the existence of the
first moment, as shown in the previous question.
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Solution to Problem 7.13:

a) From the sketch of the two dimensional integration space depicted in Figures (S-7.1) and
(S-7.2) and assuming the order of integration can be interchanged, it follows that

/Ooo(lFX(x))dm = /0 /:ofx(t)dtdx

/Ooo (/0 dx) fX(t)dt:/OOOth (0)dt,

and the last expression is just E [X].

f(x,1)

t X

Figure S-7.1: Some function f (z,t) for illustration. Notice that fx (t) is not a function of = (and [ °fx (t)dt is not a
function of t) but, just for integration purposes, we can think of f as a general (continuous) function of both z and t¢.

*

Figure S-7.2: Left panel shows the z, ¢ surface over which we integrate f, whereby the outer integral is w.r.t.  and, thus,
for a fixed z (signified by the vertical lines), the inner integral over ¢ goes from z to co. The right panel illustrates the same
surface but with the outer integral w.r.t. ¢, so that, for a fixed ¢ (horizontal lines), the inner integral over  goes from 0 to ¢.

0

b) Similar to the previous derivation,

E[X"]:/Ooot"fx (t)dt:/ooo (/Otmc"_ldx> fx (t)dt

= /000 nx™ ! /:O fx (t) dtde = /000 nz" ' (1 — Fy (x)) dz.
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c) Forz <O,

/OOOFX(x)d:L’ = /OOOFX(:z:)dx/OOO/O:fX(t)dtdx

0 —t
/ fX (t) dxdt
—o0 J0

0 0
/_ fx (t) (—1) dt:—/_ tfx (t)dt

Combining this with the derivation for = > 0 used for (7.69) yields

0 oo 0 [eS)
—/_ Fx(x)da:—&—/o (1—FX(a:))d:c:/ th(t)dt+/0 tfy (t)dt =E[X].

Solution to Problem 7.14:

a) We require that value of x such that fx (z) attains its maximum, i.e., where %fx (x) =0
Differentiating gives

S =) = (=2 (1= 2) P (a— 1) 2 2 (1—2)" =0

or(b—1)a*t(1-2) 2 =@-1Da"21-2)" or (b—az=(a—1)(1—2),or
a—1

mode (X) = m

b) With @ = 3 and b = 2 we want aafl,)(bl)i), Syt ( )P dt = 423 — 321 = 05, or ¥ =
0.614272.

c) Symmetry implies a = b, yielding V (X) =
d) We have

4X(2a+1) =0.22,0r a = b= 2.625.

5 a—1 a—1
8 a+b—2 a-1+b-1

which can be simplified to 3(a — 1) = 5(b — 1). Because both, a and b are integers, they can

be expressed as (¢ —1) = 5n and (b— 1) = 3n for some integer n € N, so the set of all possible

combinations (a, b) can be written as

{(a,b) :a=5n+1,b=3n+1,n € N}.
Thus, we have the approximate relation
ab 1 14+5n)(1+3n
ox (n):= s =< ( ) ( )Qz
(a+b+1)(a+b) 2V (3+8n) (1 +4n)
Trying a few values, ox (1) = 0.148,0x (2) = 0.112, and ox (3) = 0.094, so that either n = 2

or n = 3, ie., {a,b} = {11,7} or (a,b) = (16,10) are good choices. Note that we have the
exact solution of ox (n) = 0.1 with n € Ry near n = 2.58.

Solution to Problem 7.15: With u = %x2 and making use of the I' (-) function,

2 [~ 2 _ ~1/2
EIXP=— [ u?e™(@2u) " *du
V2T /0

—ﬁ OOuerl Ledu = Wf(p+1>
VT Jo VT 2 )
so that
1, if p=0,
E|X|P = 2/m, if p=1,
1 it p=2

because I (3/2) = /7/2.
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Solution to Problem 7.16:

a)

b)

d)

With u = zP,

> p > —zP p 1 > —u, 1/p—1
fx (z;p)dx = / e dx:7,/ e “u P dr = 1.
[m (@) L) Jo I'(p=Y)p Jo

The cdf for z < 0 is given by

Fx (x;p) = ﬁ /_io exp {— (—t)"} dt.

Use the substitution

w=(—t), t=—ulP ;ﬁ:—lu%
U p

so that, recalling the definition of the incomplete gamma function and the incomplete gamma
ratio from §1.5.1, the cdf Fx(x) for x < 0 is

! /Oo exp{—u}u(pil_l)du 1 (1 - F(I)p(p_1)> (S-7.6)
(

(1) S 2 T
=5 (1-Tear 7).

Note that, as 7 0, Fx (z;p) T 1/2, as it should, given the symmetry of the density. This
symmetry also implies that

Fx(l‘) =1- Fx(fx),

from which Fx(z) for x > 0 can be computed using (S-7.6).

Recall that, in Matlab, their “incomplete gamma function”, gammainc, computes the incom-
plete gamma ratio. So, a program for the cdf would look like that in Listing S-7.1.

From (7.1),
fr ) =07 x /o) = gy e { =[]}

the Laplace is obtained for p = 1; with p = 2 and replacing o by v20n, Y ~ N (0, 012\1).
V(Y) =0V (X) =0°E [X?] (because, from symmetry, E[X] = 0) and

2 00

2 21 _ op / 2 —|z|P

oc‘E | X = — x%e dx
] 2 (p7") Jowo

0_2p |:/0 ) v oo
_ TP ~(~))g j/ 2 —a” }
zle T+ e dx
2r (pil) —00 0

2 e} 2 00
- 7P / w2 dx = 70_1 / w?/Pe= /P dy
) Jo I'(p=1) Jo

where the substitution v = —x easily shows that

0 %)
/ 22e () gy = / v2e= ) dy
—00 0

and the substitution u = zP gives the second to last equality.

For p = 1, V(Y) reduces to 202 and, for p = 2 and ¢ < /20x, V (Y) reduces to 0%, recalling
that T'(3/2) =T(1/2) /2.
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function cdf = gedCDF(yvec,p,mu,scale,numint);

if nargin<3, mu=0; end
if nargin<4, scale=1; end
if nargin<5, numint=0; end

k=sqrt(2); % Set k to sqrt(2), and the GED with p=2

% coincides with the standard normal.

%  Set k=1, and GED with p=1 coincides with the Laplace.
scale=scalex*k;

zvec = (yvec-mu)./scale;
cdf=zeros(length(zvec),1);
for i=1:length(zvec)
z=zvec (i) ;
if numint==0

if z<=0
t = (1/2) * (1 - gammainc((-z)"p, 1/p) );
else
t =1- ( (1/2) * ( 1 - gammainc(z"p, 1/p)));
end;
else
t = quadl(@geddenstandard,-35,z,1e-8,0,p);
end
cdf (i)=t;

end

function f=geddenstandard(z,p)
f = p./(2xgamma(l./p)) .* exp(-abs(z)."p);

Program Listing S-7.1: Computes the cdf of a location—scale GED distribution. The factor k can be used to make the
GED parameterization such that it coincides with the standard Laplace (k = 1) or the standard normal (k = v/2). The
numint option allows the user to use numeric integration to check the results.
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e) From the symmetry of the GED density, it follows from (7.65) and the examples in §7.3.2 that

dx

Iy (y) =2 fx (v) dy

H(O,oo) (.’L‘) .

However, for practice’ sake, we once again confirm this, and write

dx

dy‘ I0,00) (%) + fx ()

dx

fr (v) = fx (@) dy

\ I (2),

where fx is the GED density in (7.73). For the first term, solving y = |z|” with # > 0 gives
x = y'/?, and dx/dy = (1/p)y*/P~'. Solving y = |z’ with 2 < 0 gives z = — (yl/p) and
dx/dy = —(1/p)y*/*~". As

[(—o0,0 () = [(—00,0] (— (yl/p)) = Ij0,00) (yl/p) = Ij0,00) (¥) »

we get

p
2I'(1/p)

b |t )

p
1 _
Vel exp {~y} Lio,00) () »

- T/’

1/p

fry) = ‘1y1/p‘1 exp{—’y p}]l(o,oo)(y)

p

p} H(o,oo) (y)

which is the gamma density with scale one and shape 1/p.

Solution to Problem 7.17:

t7 1 © 12 1 o 1 2
E[e ]:727r 3 exp | —57 +tz dz:ﬁ 3 exp —5(2 —2tz) dz

and, by completing the square as 22 — 2tz + 2 — 2 = (t — 2)2 —t2,

E [¢t?] = V%/_Zexp{—; (=2 —t2>}dz
:exp{t;}/_(:\/%exp{—; (z—t)z}dz

{z)
=€exXpy 5 (>
2

as the last integrand is the N (¢, 1) density. Because X = u+07 is a (location-scale) transformation
of X,

t°o

2 2
E[eX] = E [e““*"z)] = exp {tu} Mz (to) = exp {t“ * 2} '

Solution to Problem 7.18: Let

= a2
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Then

L /w G(+m2 lﬁd
—_— ex z — =z z
Var ] 5P 2
1 e o0 < 1 9 )
e exp | —= (1 —2t)z° 4+ 2tzb ) dz
or e 5 ( )

o0

\/12? exp (tb°) /_Oo exp <—; (1—2t) (22 - 22&)) dz
\/12? exp (tb?) /Z exp (—; (1—2t) (2* —22g+¢* — q2)> dz
1

N exp (tbz) /jo exp (; (1—2t) (( —q)° - q2>) dz
1

oo

2 + % (1-2t) q2> /jo exp (; (1-2t) ((z - q)2)> dz

oo

(
g () [on (3 (i) ) o

Solution to Problem 7.19:

a) First notice that the density is symmetric. Make the transformation y = z°", © = y

b)

2n

S

dr = Q%Lyﬁfldy to get

/°° 2dx _ /OO dy
o (T+2)" " Jo n(14y) "yt

followed by the substitution z = (1+y)~ ", y = (1 — 2) 271, dy = —2~2dz, to get

1 /° . a1 1 L
_,/ Sl g, (1_2)22 1,24, _ / Z(mfﬁ)fl (1_2)21n Ui
1 0

n

1 1 1
“B(m-—, ).
n (m 2n’ Qn)

Thus, it must be the case that n > 0 and m > (2n) "

o < zdx
HTZ/_OOW fX(x;n,m)dx:%/O At 2™

which, with the substitution

z =

gives

L 1 _q
1 1-— 2n 1 1 1— 3n
— = : =("'-1)*" do=-—— i 27 2dz
(14 22m) z 2n z

Hr =

which exists for 2r < 2nm — 1.
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Solution to Problem 7.20: The density of X is given by

1 n ni/2 p(n1—2)/2
P o o) = 5ot () o (2).
B \m)

ni
n2

Defining a = ny/na, Pr (B < b) is given by

aX b
P <b = PrX<———
1r(l—kaX_ ) r( _a(l—b)>
_ b o —
_ ;amp/au—b) :C( 1—2)/2 i
B (n1/2,n2/2) 0 1+ ax)("l-i-nz)ﬂ

Then using the change of variable y = y (z) = az (1 + az) ', then z = ya=' (1 — y) " and dz/dy =
a~!(1+y)"? with the limits of integration y (0) = 0 and y (ﬁ) = b to get, noting that
Lty(l-y) =1y,

X , < (1y ))(nl 2)/2 .
Pr(B<b) = —a”1/2/ — d
(B<b) B (n1/2,n2/2) 0 (1+ ay )(n1+n2)/2a(1_y)2 Y
a(l-y)

1 (ﬂ_'rL172_1) /b n _m=2 midng g
= — q\ 2 2 2 1— 2 2 d
Bln/2m/2) Y (1-y) y

b n2_
m/o y (1 —y) Ty = By (n1/2,m/2),

so that B ~ Beta (n1/2,n2/2).
In general, if X ~ Beta (a,b), then

I (a + b) a— b—1
Ix (z5a,b) = Wz ! (1-x) H(o,l) ()
and, with Y =1— X,

fr 0st) = fx (1= yia,0)1-1] = 1 S (0= oy (1)

so that Y ~ Beta (b, a). Thus,

(Tll/ng)X o 1

LB = o ) X~ 15 tmfna) X

~ Beta (ng,n1) .

Solution to Problem 7.21: Calculating several derivatives of f(a) = (1 — a)_1/2 and using (7.36)
gives

. 1-3----(2—1

e

so that the Taylor series expansion of f around zero is

(1—a) V2 = if(i;@) 1 ifz—kl/Q i
=0

(1— a)f(i+1/2) _ T (i+1/2) (1- a)—(iﬂ/z)
e 7

7T

1424 2a +3a3+§ aty By
27 78" 160 1287 ' 256 '

Solution to Problem 7.22: Using (7.40), i.e., that

xlgtg@@( x) = wrexp (—x2/2),
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we have

lim P(z+k/z)  limg oo ®(z+k/2)
z—o0 P (1) N lim, o @ (z)
o . X - 2 2
= ml;ngc Gk exp( (x+k/z)" 2+ /2)
= lim v lim ex —k:gfij;ﬁ
o r—00 (L =+ k/x) T—00 p 222

2 2
= exp ( lim —km) =exp(—k).

z—00 222

Solution to Problem 7.23: Try program S-7.2 with various values for a, b and tol, the numeric inte-
gration accuracy parameter, for example, betacomp(1e-2,8,12) and betacomp(le-7,8,12).

function betacomp(tol,a,b,yvec)
timel=[]; time2=[]; time3=[]; numint=[]; comb=[]; intern=[];
if nargin < 4, yvec=[0.05:0.05:0.95]; end
betafunc=beta(a,b); % just evaluate it once, then pass it as a parameter
for i=1:length(yvec)
y=yvec(i); uhr=cputime;
numint=[numint quadl(@incbeta,0,y,tol,[],a,b,betafunc)];
timel=[timel cputime-uhr];

uhr=cputime; j=a; n= b+j-1; kon=fact(n)/fact(n-j)/fact(j-1);
comb=[comb (1-binocdf(j-1,n,y)) / kon / betafunc];
time2=[time2 cputime-uhr];

uhr=cputime; intern=[intern betainc(y,a,b)];

time3=[time3 cputime-uhr];
end
subplot(3,1,1), plot(yvec,comb,’g-’); xlabel(’y’), axis([0 1 0 1])
title([’Scaled IB function for a=’,int2str(a),’ and b=’,int2str(b)]);

subplot(3,1,2), plot(yvec,timel,’r-’,yvec,time2,’g--’,yvec,time3,’b:’);
xlabel(’y’), legend(’Int’,’Comb’,’Num’,0); ylabel(’seconds’)

title([’Comp. of evaluation time of IB(’,int2str(a),’,’,int2str(b),’)’])

subplot(3,1,3), plot(yvec,comb-numint,’g-’); xlabel(’y’)
title (’Discrep. between combinatoric and numeric integration’);

function f=fact(n), if n==1, f=1; else, f=n*fact(n-1); end

function f = incbeta(x,a,b,betafunc), f=x."(a-1).*(1-x)."(b-1)/betafunc;

Program Listing S-7.2: Evaluation of the incomplete beta function

Solution to Problem 7.24: See Listings S-7.3 and S-7.4.
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function cdfnorm(type,relative,x)

% x is vector of ordinates; type is any set of:

% 1:Polya (1945) 2:Hastings (1955) 3:Hart (1966) 4:Burr (1967)
% 5:Derenzo (1977) 6:Page (1977) 7:Moran (1980)

% if relative=1, computes relative error, otherwise absolute.

global true discrep;
if nargin<2, relative=1; end
if nargin<3, x=0.01:0.01:5; end
true=normcdf (x); lt=length(type);
if relative==1, etype=’Relative’; else, etype=’Absolute’; end
if 1t==
[ameth,app,loc]=method(x,relative,type);
subplot(2,1,1), plot(x,true,’g-’,x,app,’r--’), grid
title ([’Exact F(x) (solid) and ’,ameth,’ Approximation G(x) (dashed)’])
subplot(2,1,2), doplot(x,relative,loc,etype,ameth);

else
switch 1t
case {2,3}, grow=1lt; gcol=1;
case 4, grow=2; gcol=2;

case {5,6}, grow=3; gcol=2;
case {7,8}, grow=4; gcol=2;
otherwise, error(’Add more statements here’); end
for i=1:length(type)
[ameth,app,loc]=method(x,relative,type(i));
subplot (grow,gcol,i), doplot(x,relative,loc,etype,ameth);
end
end

function doplot(x,relative,loc,etype,ameth);
global true discrep;
plot(x,discrep,’r-’)

title ([’ ’ ,etype,’ Discrepancy for °’,ameth,’ Approx.’])

ax=axis; line([loc(2),loc(2)], [ax(3),ax(4)],’linestyle’,’:’,’color’,’b’)
line([ax(1),ax(2)],[0,0],’linestyle’,’-’,’color’,’k’)

xlabel([’Max = ’,num2str(loc(1)),’ at x = ’,num2str(loc(2))])

function loc=getloc(app,x,relative);
global true discrep;
if relative==1, discrep=(true-app)./true; else, discrep=true-app; end
ref=abs(discrep); worst=max(ref);
bool=(worst==ref); worstx=x(bool); loc=[worst,worstx];

Program Listing S-7.3: Methods of approximating the normal cdf
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function [ameth,app,loc]l=method(x,relative,type);
global discrep;
switch type
case 1
ameth="Polya (1945)’; app=0.5*(1+sqrt(l-exp(-2*x."2/pi)));
case 2
ameth="Hastings (1955)’;
t=(1+0.33267*x) .7 (-1); al=0.4361836; a2=-0.1201676; a3=0.937298;
app=1-normpdf (x) .*(al*t + al2xt.”2 + a3*t."3);
case 3
ameth=’Hart (1966)°;
x2=x.72; n=1+sqrt(1+6*pi-2%pi~2); a=n / (2*pi); b=n"2 / (2*pi);
c=x*sqrt(pi/2); d=1./(x*sqrt(2*pi));
e=exp(-x2 / 2); f=sqrt(1l+b*x2) ./ (1+a*x2);
curly=(c+sqrt(c.”2 +f.*e))."(-1); app=1-d.*e.x( 1-f.*curly );
case 4
ameth=’Burr (1967)°;
a=0.644693; b=0.161984; c=4.874; k=-6.158;
gx=1-(1+(a+b*x) . c) . k; app=gx; gmx=1-(1+(a+b*(-x))."c). k;
app=real (0.5%(gx+1-gmx));
case 5
ameth=’Derenzo (1977)’;
x1lo=x(x<=5.5); xhi=x(x>5.5); num=(83*x10+351) .*xlo + 562;
den=703./xlo + 165; applo=1-0.5%exp(-num./den) ;
apphi=1-1./sqrt(2*pi)./xhi .* exp(-0.5%xhi."2 - 0.94./xhi."2);
app=[applo;apphil ;
case 6
ameth="Page (1977)7;
al1=0.7988; a2=0.04417;
y=al*x.*(1+a2*x."2); e=exp(2*y); app=e./(1l+e);
case 7
ameth=’Moran (1980)°;
s=0; h=sqrt(2)/3;
for n=0:12
t=n+0.5; k=exp(-t~2 / 9) / t; s=s+k*sin(h*t*x);
end
app=0.5+s/pi;
otherwise, error(’Unknown method.’), end
loc=getloc(app,x,relative);

Program Listing S-7.4: Listing S-7.3 continued
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Solutions to Chapter 8:

Joint and Conditional Random
Variables

Solution to Problem 8.1: Let ¢, and ®, denote the pdf and cdf of the Student’s ¢ distribution with
v degrees of freedom, respectively. With K =v~%2 /B (v/2,1/2) and u = 1 42 /v,

1 c
E[R|R<d = W/ ré, (r)dr
2
K / 2, \—(+1)/2 K V/HC )
= r(l+r°/v dr = = u~ Y du
D, (c) | oo ( ) P, (c) 2 /oo
K v iy +1)/2‘°° K v 2, \1-(+1)/2
= — _— v = ]_
@V(c)l—yu 1+4c2 /v fb,,(c)l—u( +e /)
_ o, (c) " v+ 2
- 9,(0) v—1]’

from which it is clear that, as ¥ — oo, the expression approaches that based on the normal distri-

bution given in Example 8.15.

Solution to Problem 8.2:

a)

b)

The event of interest is

E = (A has v; hearts N Aj has vy hearts)
U (A; has vy hearts N As has vy hearts).

There are (lf’) (i’g:i‘?) ways for A; to get v1 hearts, leaving (13”—2”1) (52_15’;_(11/2’_”1)) ways for A

to get v hearts. We are not interested in the number of hearts that B; and By possess, so
132613) ways of distributing the remaining 26 cards among B; and Bs.

ways in total of distributing the cards, but (1371357213713) = (?g) (i’g) (fg),

that there are simply (
There are (13,13?,213,13)
and ( 26 ) = (26) so that defining k to be

13,13 13
)G () C ) (50s) G Gs2) (L) Gt

klml/z = 52 - 52\ (39
(13,13,13,13) (13) (13)
we see
2ky, 1, ifvi #Fvgand vy +1p <13
Pr(E)=1< ki ifvi=vsandw +1p <13
0 otherwise.

From the previous problem, this must be given by S, = 251:0 ky, v—u, for v even or odd.
Instead of trying to simplify S,,, we can proceed directly as follows. There are (1V3) ways of
picking the v hearts and, thus, (2633”) ways of picking the remaining cards for A; and As.
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Then, there are (132613)

remaining cards, there are (1;613) ways of distributing them among B; and Bs, so that
o _ ()62 Galis) o) _ (D) Go2)) (G)
L= =
(15.1313.13) (1) (33)

c) Pr(C|D)=Pr(CD)/Pr(D)=Pr(C)/Pr(D), but event C is exactly the question in part
(a), and D is exactly the question in part (b), so the answer is

ways of distributing the 26 chosen cards among A; and As. From the

2k, 1y, if 11 # 1o and vy + 1y < 13,
Pr (C | D) = S;l kvl,l/w 1f V1 = Vo al’ld I + vy S 13’
0, otherwise.

Another solution is to work directly with the reduced sample space, i.e., given that between
the two people of interest, they have v hearts. Observe that the probability that A; gets 14
hearts is hypergeometrically distributed, i.e.,

v 26—v
Pr (A; gets v; hearts) = M
(1s)

Thus, we also have

v 26 —v

2 , if vy # g and vy + vy < 13,
2 -1 121 1236— 1741
Pr(C|D)—<13> v v , if vy =g and vy + vy < 13,
%1% 13 — 1%}
0, otherwise,
which is easier to evaluate numerically. For vy =3 and 1o =2, Pr(C' | D) = 17—1% ~ 0.678.

d) Intuitively, on average the v hearts should be equally distributed between A; and A, so that
E[v; | v] = 5. Formally,

E [Vl | V} _ 25120 vy - k‘m,ufl/l _ 2Z1:0 U1 (11/:13) (13??1/1) (11/3::11> (13%3(?;?”1)) . K
= > — _

13y 39 \ (26 )
> im0 Kip—i (1/ ) (26—1/) (13) 2
where the last equality can be verified numerically for 1 < v < 13 or, possibly, proven by

induction. Use of the hypergeometric distribution in part (c) simplifies things considerably, so
that, directly,

13v v 1By 26—-v 26—-13 v (26—v)

E _2r_ 7 _ 97 . =
prlvi=S5g =5 Vv =5 — 557 100

Solution to Problem 8.3: From Example 8.17, Pr (X; < aX3) = #érl&’ so that

Pr(X; <aXs) abli+ X

Pr(Xi <aXp | Xi <bXy) = Pr(X; < bX,) bal + Ay

As b gets large, irrespective of the \;, it will eventually be “almost certain” that X; < bXs, so
that the conditional probability reduces to just Pr(X; < aXs). Writing the above conditional
probability as
CLAl + a)\g/b
ai1 + Ao

and taking the limit as b — oo immediately confirms this.
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Solution to Problem 8.4: The density is just

Ixy (@,y) = o1y () Lo,y (y) -

Note that the “solution”

1 pz/z 1d
Pr(zgz):Pr(Ygi):// dydxzz/izoo
X 0 Jo 0o T

is wrong. The reason is that, for X < 2z, Pr(Y < z/X) = 1. By splitting up the region into two

z pl 1 pz/z
Fy(2) = /0 /0 dydz +/ /0 dydr = (z — zIn2) (g 1) (2)

and differentiating, fz (2) = —In (2) I(o,1 (2).

pieces, we obtain

Solution to Problem 8.5:
a) From the discussion in §4.5 relating Poisson and exponential r.v.s, Pr (S% < 512) is the same

as Pr (X1 < Xp) for X; ™ Exp (\;), i = 1,2. From Example 8.17, this is given by 12

b) This means that the first event must be from N7, which occurs with probability /\1’:_1)\2 and
that the second event also must be from N7, which also occurs with probability )\1’:})\2 from

the memoryless property of the exponential, so that

1 2\ _ A1 "
Pr(Sn<Sl)—()\1+>\2) .

¢) Similar to the previous part, the next event occurs from process Ny with probability ﬁ,
A1 Ao
A1+A2 T At

d) At any given time, when the next event occurs, it is from N; with probability ﬁ, i=1,2.
Thus, if we think of the 2 processes as “competing” in the sense that, at each occurrence, N;

“wins” with probability ﬁ, i =1,2, we can use (3.18) so that, with p = )\l)jrl)\27

and from N> with probability 1 —

el em—1
Pr (S} < S2%) = I P O )
r(Sy < S2) kz:; < h )p (1-p)
Solution to Problem 8.6:

a) With Y = y known and assuming that we draw without replacement (as is appropriate for a
lottery), X follows the hypergeometric distribution

)Y
)

fX\Y (.’E | y) = H{O,l,...,min(n,y)} (ZL')

with

E[X|Y =y :%. (S-8.1)
b) From the definition,
fxy (@y) = frWfxy(@]y)

N () (N
= ( >9y Q- MH{O,L...W} W) Lio,1,... . min(n.y)y ()

y ()

and, simplifying the combinatorics and noting the explicit dependence on n and N,

n N —n _
Fxy (@,y | N) = ( ) ( )ay =0 Loy () Lot miny (@) -

z)\y—=x
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d)

f)

g)

Multiplying the left hand side by 1 = 676 (1 — )" " (1 — )~ ™™ yields

N N—n

y=0 y—=

with the sum only being valid from y = x to y = N —n+x so that the combinatoric is defined.
(This makes sense, observing that y < x would imply having drawn more winning tickets than
issued, and N —n <y —z < N —y < n — x would imply having drawn more losing tickets
than issued). Restricting the sum to this range, and defining z = y — , we have

N—n+x N—n
Z (N — n) gy—= (1 . Q)N—n—(y—w) _ Z (NZ— n) 0° (1 _ 6>(N—n)—z7

-
y=x Yy z=0

with the right hand side being the sum of all the binomial coefficients, which is one, as was to
be shown.

fyix (] x) = fxy (x,y) / fx (), where

N
fx@ = > fxy(zy)
y=0

N n N —n
_ o
= > ( ) ( )9y (1=0)"""Ti01,...0y W) Lo1,... min(n,y)} (%)

o\ \y -z
n xT n—rx
_ (x) 0" (1—0)" " Tjo1...ny (2) (5-8.2)

and N
N\ py—z —n—(y—=x
R G e (B A e T )

The density of fy|x is a “shifted” binomial, i.e., it starts at x instead of 0. We might have
guessed at the answer by assuming that the binomial form still holds, but using the obvious
facts that y >z and N —y >n —z.

Defining z = y — x and using the mean of the binomial distribution,

N—n+zx N_—n
Y

EY | X] = Z )9?4% (1— Nl

y=1 y-e
= N-—-n N-n—z
= (z+z 6% (1-190)
i ern (")
= o+ (N —n)b. (S5-8.3)

For n = N we observe the whole sample and z, the number of observed successes, must
be y. This agrees with E[Y | X, N =n] = 2. For n = 0, z is naturally also zero, so that
E[Y | X] = NO = E[Y], the unconditional expectation of Y.

i) X is binomially distributed and, hence, E [X] = nf.
ii) AsY is unconditionally binomially distributed,
NO=RE[Y]=E[E]Y | X]]=E[z]+ (N —n)0

so that
E[X]= N6 — (N —n)0 =nb.

iii) E[X]=E[E[X|Y] =E[nY/N]=nN0/N = nd.
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Solution to Problem 8.7:

a) As floors are equally likely to be chosen,
ElL | X=2]=---=E[In| X =2],
so that taking iterative expectations yields

E[Y] = Ex[Evx[Y|X =21

E x

ZE[IHX:CU]] =NEx [E[L | X =z]].

As

E[l1 | X =2] = Pr(at least one person gets off on 1% floor)

= 1—Pr (no one gets off on 1°* floor)

N —1\"
N
(5
it follows that

E[Y] :NEX[l_ (NA;1)$] :Né (1_ (NJ\; 1>x> e—;,\m
(o505 5)

But directly from the Poisson distribution,

i ()‘(NJ\?)):E _ 1/6—/\(”];1) — e MN
= x!

so that E[Y] = N (1 — e M),

b) With only one floor, E [Y] reduces to the weighted probability 0xPr (X = 0)+1xPr(X > 1) =
1-Pr (X =0) = 1—e=*\/0! = 1—e~* which approaches one as X increases, i.e., Pr (X = 0) —
0.

c) Because people choose floors independently and each floor is equally likely, as the number of
floors gets large, the probability that two or more people pick the same floor will get smaller,
so that A}im EY]=E[X]= A
— 00

d) The series expansion of N (1 — e_/\/N) is

A A2 A3 A2 A3
N<1_<1_N+2N?_3!NS+M>>_)‘_2N+3!N?_m

which is equal to A\ for large N. Alternatively, from L Hospitals rule with the substitution
M =1/N gives
(1 _ e—/\M) e M
lim ~—— = lim

M—0 M Mo 1 A

Solution to Problem 8.8: For density 2y (2 — z? — y) I(,1) () L(0,1) (y) as shown in Figure S-8.1,

s} 1
fx (m)=/ fxy (arf,y)dy=2/0 y(2—a®—y)dy = (g—w2> Lo,1) (),

0 1
frw)= [ oy @ude=2 [ y@-a*=y)do = 2y6-3)Ton )
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Figure S-8.1: Density 2y (2 — 22 — y) T0,1) () L(0,1) (%)

and )

2—x°—

fxy (@ ]y) = 35_73112/]1(0,1) (z)L0,1) (¥)
2 _

yH(o,l) (v) ]I(o,l) ().

frix(yla) = Gym

These are shown in Figures S-8.2 and S-8.3.

o.5 o.5
LY eS) L ¢ %)

Figure S-8.2: Marginal densities

Also,
Ix(@) = / Fxpy (@ 9) fr (y) dy
L9 22 _y2 .,
B FtACk =(z-2?)I
/03 53y 3y(5 3y) dy (3 x> o) (@)
and
fxy (@]y) = fx @) frix wle) (5 —2?) 6y35a
X|Y = ) — :
‘ ffoo fY\X (y | -73) dFX (gj) fol (% —_’L‘Q) GyTszdx
2— g2 —
- 35_73?;%(0,1) (@) Lo,1) (%) -
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Figure S-8.3: Conditional densities; on left, y = 0.2 (solid), y = 0.4 (dotted), y = 0.6 (dashdot), y = 0.8 (dashed); on
right = 0.2 (solid), z = 0.4 (dotted), z = 0.6 (dashdot), z = 0.8 (dashed)

Solution to Problem 8.9: With u = z/y,

1
fr (4) = ceV / ()" (5 (1 — )"y du = e~y 1B (a,5) [ 0oy (v)

From the kernel e ¥y2+*~1 we see that Y ~ Gam (a + b, 1) and c is derived from

1= / fr ( ((a)_I;g)l;) / e Yyt ldy = ' (a) T (b).
a
For X, withu=y—z, y=u+=z,
xafl oo b—1 xaflefz oo
@ = twrw /), VY T@T s
— a—1 -z
T (a)x € (0,00) (l‘) 5
ie, X ~ Gam(a,1).
The conditionals simplify to
1 P - —a—
fxiy(@ly) = Blab)” Yy —2)" "y gy (2),
1 l‘
frix(wla) = m(y*x)b eV g o) (1) -

Note the special cases (X | Y = 1) ~ Beta(a,b) and (Y | X =0) ~ Gam (b, 1).

Solution to Problem 8.10: Observe that (X | N = n) ~ Bin (n,p) so that, from (8.16) with ¢ = 1—p,

Pr(X=12) = ZPr(X:x\N:n)Pr(N:n)

> /n e € AT
= Z(Jpx(l—p) -
_ e ey

!~ (n—ua)
pxei)\ x r+1 1 x+2 2
= AP+ AT g+ AT A+
z! 2
T, —A 1 T, —A
= P (14 aq+ 2222+ ) =25 amer
z! 2 z!
Ap)* e~ (AP)
= %H{O,l,...} ().
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Thus, unconditionally, X ~ Poi(Ap). This also confirms E [X] and V (X) computed in Example
8.14.

Solution to Problem 8.11:
a) fy(y) =eV [T e vy tde = e Vg o) ().

b) fxy(z|y) = fxf:i((;:)y) = e_w/yy_l]l(om) (z) for y > 0.

c) Pr(X>Y)= [~ fyoo fxy (zy)dedy = [° [ fx,v (x,y) dydz and, using the former,
/ / e Ve Yy ldady = / e Y {/ eI/yyldac} dy.
0 y 0 y
With a = 1/y, the inner integral is fyoo ae”%dr =1—F(y) = e % =e~1, so that
Pr(X >Y) :/ e Ve ldy =e L.
0

Solution to Problem 8.12: Based on density (8.21) and covariance expression (5.24),

Cov(X)Y) = /OOO/OOnyf(x,y;H)dxdy—]E[X]IE[Y]

/Ooo /O‘X’ zy (14 60z) (1+0y) —0)exp(—x —y — Ozy) dvdy — 1

/ ye Y [/ 2 ((1+62) (1 +0y) —0) e >+ dz| dy —1
0 0
= / ye Y A(y) dy — 1,
0
where A (y) is the inner integral, given by

Al = Amﬂu+&wu+&n—maMWme

(1+ 6y) {/ ze—T(1H0Y) go 1 9/ 22— r(1+0y) dx} _ 9/ re—(1+0Y) g
0 0 0

1 20 0
= (146 ((1+9y)2 - (1+9y)3> T (1+06y)’
1 0

+
L+0y  (1+6y)°

having used the elementary calculations

/ we ") dy = (1+0y)~*  and / 220 o — 2 (14 0y) .
0 0

Solution to Problem 8.13:

a) With G, := E[N2] = E[E[N2 | Ny—1]] from the law of the iterated expectation, define
X := N2, | (Nyy_1 =n) and let Y the (n+ 1) trial. Then, similar to the calculation and
argumentation in Example 8.13,

EX]=(1-p) EX|Y=0+p-E[X|Y =1] (S-8.4)

= (1=p) B[N +n+ 1| +p- (n+1)°.
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Observe that n is a constant (and not a random variable), so that expanding the square, we
can write

EX] = (1-pE[N.]+2(1—p)nE[Np]+2(1—p)E[Ny]
—I—(1—p)(n—|—1)2+p~(n—i—l)2
= 1-p)Gn+2(1—p)(n+1)E[Nn]+ (n+1)>.

Now taking expectations of both sides w.r.t. N,,—1 (i.e., n) and noting that G,, and E [N,;,]
are constants gives

Gm=(1=p)Gm+2(1 = p)E[Np]E[(Ny1 + D]+ E | (N1 + 1)
or, simplifying and letting E,, := E [N,,],
pGm =2 (1 - p) Em (1 + Em—l) +Gmo1 +2E, 1+ 1.

With m =1, Ny ~ Geo (p) and, from (4.51),

2
Gle[Nf}zl_er(l) _2-p

Then, using the recursion and simplifying, we get

Gi = p?(-p+2),

Gy = pt(-pP-p*+4p+2),

Gs = p O (-p"—p'—p +6p* +4p+2),

Gi = p(=p" =p° =p° —p" + 80" +6p° + 4p +2)

for which a general pattern seems to be given by

2m—1 m—1
Gm = p 2™ (— dop+2)] (i—i—l)pi)
i=m =0
p2m _ (3 + Qm) pm _ p2m,+1 + (1 + 2m) pm+l + 2
(1—-p)*

which is (8.51). The expression V (N,,) = G, — E2, then reduces to (8.49), i.e.,

9

p2m

_1—(1+2m)(1—p)pm —p*mt!

Y (Bm) (1—p)*p2m

Substituting the identity E,,—1 = pE,, — 1 from (8.32) into (8.50) gives

1 1 1 2 Com
Gm==-Gm1+2E, ——+2E, (1—-p)=-Gp 1+——(p " —p ") — -
D D D 1-p D

As Gy is zero, recursively substituting and simplifying yields

o = 3() () o-n6)

=1
2 p72m _pfm o pfm _1
—m R —
l1—p 1—p b l—p~

which the reader can verify is equivalent to (8.51).
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b) With M,, :=E [etNm] =F [E [etNm

Nm-1]] and X = e | (N1 = n), as in (S-8.4),

E[X]=(1=p)-Elexp{t(Nm +n+1)}] +p-exp{t(n+1)}

or E[X] = (1 —p)et"e! M, + pet™et. Taking expectations w.r.t. N,, 1 gives, with ¢ =1 — p,

M, = qetMmMmfl +p6tMm71 or My, =

_ petMmfl
1—qgetMy,_q

Solution to Problem 8.14: After placing the first cut, you are left with a line of unit length. Denote
the position of the second cut, i.e., its distance from the left endpoint of the line, by X, and note

that X ~ Unif(0, 1).

The position of the red dot, say Y, has a uniform distribution on the unit

interval as well, independently of X.

Define a random variable Z as the length of the piece that contains the dot. We can write

Taking expectations,

Z = Xlix>y)+ (1= X)xcy)
= Xlixs>y) + (1= X)a-x > 1-v)-

E[Z] =EX | X >Y]Pr(X>Y)+E1-X|1-X>1-Y|Pr1-X >1-Y).

As both 1 — X and 1 — Y have uniform distributions, the two terms on the right hand side are
equal, and using Pr(X >Y) = 1/2, we have

E[Z] =E[X | X > Y] = / ofxxoy (@) de.

Now, observe that, in general,

Pr(X <tAX>Y) [ o7 fxy(zy) dy do I

Fxxsy(t) = =

Pr(X >Y) I fxy(y) dyde I(00)

Then, similar to the derivation of (8.48),

or

so that

For the case at hand,

and thus

1) = 5 [Fx ()P,
Fpeov(t) = 15 = [Fx(OF

Ixix>y(t) =2t

1 1 1
E[Z] :/0 rfx| x>y (z) dv 2/0 22%dx = [gx?’] = g

0

This result is easily confirmed by simulation by using the following Matlab code:

x=rand (10000,1); y=rand(10000,1); z=(y<x).*x + (y>x).*(1-x); mean(z)
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Solutions to Chapter 9:
Multivariate Transformations

Solution to Problem 9.1: This is a special case of the derivation in Example 9.11 with n = 1. Let
r=z/(x+y)and s =x +y, so that z =rs and y = s (1 — r). Then

([ Ox/or Ox/O0s \ [ s r B
J= < Qy/or 0Oy/0s ) B < —s 1—7r >’ detJ =

and
oo

frs(r,s)=|s|fxy (rs,s(1—r)) and fr(r)= [ Is| fx,y (rs,s(1—r))ds.
a) For X|Y A Gam (a, b),

b*  b® 1 g
Ifxy (z,y) = WF (@) z? ly ! exp (—bx — by) L(0,00) (z) L(0,00) (v)

and, temporarily omitting the indicator functions,

fr(r) = /OC Is| fx,v (rs,s(1 —1))ds

— 00

be b o a—1 a—1
= [ =) e (b ) b1 = )

I'(a)T (a
= ﬂb—ara_l — )t Oos2a_1 exp (—bs) ds
_ r (20‘) ,,,afl —r a—1
= Twr@ U775

where - _
/0 52 Lexp (—bs)ds = %,

which follows directly from the gamma density. Regarding the indicator functions, note that
T10,00) (78) [(0,00) (5(1 — 7)) implies that » and 1 — 7 have the same sign, which implies that r
lies between 0 and 1. Thus

I' (2a)
fR(T) - F(a)F(a)
i.e., R ~ Beta(a,a), as was found in Example 9.11.

b) For X|Y B N (0,1), let k=272 + 1 — 2r and u = ks?/2 so that

i) = g [ lslexn (=g (09 + (1)) ) s

1
= f/ sexp (—ks2> ds
™ 0 2

1 11 1

ro (1 =) oy (1)

T2 =2 +1) w2 <H/z>2’
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i.e.,, R~ Cau(1/2,1/2), a location-scale Cauchy random variable.

Solution to Problem 9.2:

a) Observe that if w; were 0 and wo were 1, we would have a special case of Example 9.11.

b) With
fxix (@1,@2) = fx, (21) fx, (22)
1 -1 _1 4
= oowtwy e 2(@re) g o (@1) Lo,00) (72)
define N
w1T] + Wk
Y = B S S e P | Yo = 1 + o,
T+ T2
which yields
Y1 —wi W2 — Y1
Ty =yo——— and T3 =yr—— —,
W2 — W1 W2 — W1
so that
Oz1 Oxz e Y2
detJ = Oy Oy | _ wy —wyp  we—wr | __ Y2
Oz, Ozp wa—yr oy wn | TR
Y2 Oyo wy —wy; Wy — Wy
. . Y2 Y2
As wg > wy and yo > 0, taking absolute values yields = .
w1 — w2 w2 — w1

Thus, without the indicator functions, fy, y, (y1,¥2) is

|detJ| ’ fX1,X2 (‘Tlvx?)

1 _
- L-*(wz—wl)(m—wﬁ 1/2

—1/2 —1/2y2—1/26_y2/2
Wo — Wy 2T

(U/2 - yl) Ys

1/2

- 1
(w2 —y1) V2. 5677”2/2.

1 _
R (yl *wl)

For the indicator functions, using the fact that, by assumption, wy —w; > 0 and, by construc-
tion, yo = x1 + a2 is positive,

wy — 1 Y1 — w1
I0,00) (yz oy — w1> I0,00) (y2 oy — w1) = L(0,00) (W2 = 1) L0,00) (y1 — w1) L0,00) (¥2) ,

which reduces to

L0,w2) (1) Lt ,00) (1) L0,00) (¥2) = Ly ,we) (¥1) L0,00) (¥2)

because, also by assumption, wy; > 0, we > 0 and, by construction, y; > 0. That is,

1 _ _ 1
Friys (isy2) = — (g1 —w1) Y2 (wy = 1) Ty ) (1) ¢ 2210 00) (¥2) -

The indicator functions could also be obtained with less “formality”. From its definition, Y5
is clearly positive. For Y7, taking the extreme case of X7 =0 or Xo = oo (i.e., X;/X5 — 0),
which yields Y7 = ws, while Xo = 0 or X7 = oo (i.e., Xo/X1 — 0) yields Y7 = w;. That Y3
cannot exceed ws is seen by noting that Y7 > we would imply w1 X1 4+ wo Xo > wo X7 + we Xs,
which is impossible, given that w; < we and X7 > 0. Similar reasoning shows that Y7 > ws.
Thus, we obtain I, ) (¥1)-

Because of the product representation, Y7 and Y5 are independent. Also, we recognize the
latter density as a x? with 2 degrees of freedom, as was expected from the results in Example
9.11 and the relation between x? and gamma random variables.
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c) Using the suggested substitution, y; = (we — w1)u + w1, dy; = (we — wy) du, Yy = w; <
u =0 and y; = wy <= u = 1 and, thus,

1 [ _ _
- / (yl - wl) bz (U)z - yl) 1/2 diyr

T Jawy

e _ _ -
7/ (1—u) 1/2(w2—w1) 1/2u_1/2(w2—w1) 1/2-(w2—w1)du
0

T
1

— Beta 1,} =1
™ 2°2

Solution to Problem 9.3: The inverse transformation is

Xl = Yia
X = Y11,
X3 = Y3-Ys,
Xn = Yo—Y, 1,
with inverse Jacobian
0x1 o0x1 0x1 1
oy Oy2 . Oyn
J—1: 8x2 8x2 81'2 — 0
0 0 O 1
oy Oy Oyn
L Ox, Oz, or, A

and det (J) = 1, so that fy (y) is

fx (%)
= Ae e Ay e AT ) (1) T0,00) (2 — 91) - T0,00) (8 = Yn—1)
= )\ne_/\sﬂ(o,oo) (yl) ]I(O,oo) (y2 — Y1)~ ']I(o,oo) (5= Yn—1)-

Integrating out Y,,_1,Y,_o,..., Y1, we obtain

N s Yn—1 Ys Ya Y3 Y2
fs(s) = Ale” S/ / / / / / dyy dyadysdys - - - dyn—2dyn 110 00) (5)
0 0 0 0 0 0
N s Yn—1 Ys Ya Y3
= Ale~ s/ / / / / Yody dyzdyy - - - dyn—2dyn—11(0,00) (5)
0 0 0 0 0
1 A s Yn—1 Ys Ya 9
= 5)\”6_ s / / ce / / y3dy3 dy4 T dyn—2dyn—1]l(0,oo) (8)
0 0 0 0

11 n_—As ° Ynot vo 3
= g3 e |y dys - dyn—odyn 110,00 ()
0 0 0

—As n—1
= = 1)!6 5" 0,00) (8) -
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Solution to Problem 9.4:

a)  fyive,vs W1, y2,y3) = |I| fx,, x0,x5 (€1, T2, 23), where

b)

991 99> Ogs wrtay w3 )
Ory Oxp Oxy 52 52
Jio| 90 D92 Ogs :[591} n o .
Oxry Oxy Oxo ;] ic103 52 52
091 092 Ogs n mtm
L Ox3 Oxs Oz J L s2 52 J
and
€1 1+ X2
=" 2= and g3 = s,
where s = 1 + 22 + x3. A little work shows
2
|detJ_1’ = —(xl —|—x24—|—x3) =52,
s
Rewriting in terms of the y;,
T1=y1y3, T2 =y3(y2—y1) and z3=yz(l—y2)
so that
|det J| fx,.xy.x5 (1,22, 23) = s2e~ (W3(1—y2)+y3(y2—y1)+v1y3)
= y3e ¥ l0,00) (y3) 0<yr <y2 <1,

where the ranges follow because X; > 0,7 =1,2,3.

From Example 9.11,
Xo + X3 ~ Gam (r =2,\ = 1) ,independent of X; ~ Gam (r =1,A =1)

and
Xy

T X+ (X + X3)
Similarly, Y5 ~ Beta (2,1) and Y3 ~ Gam (r = 3, A = 1). Alternatively,

Y, ~ Beta (1,2).

o] 1
fY1 (yl) = / / y§ €_y3dy2dy3 =2 (1 — yl) H(O,l) (yl)
0 y

1

which is the Beta (1,2) pdf. The integral fooo y? e Ydy can be evaluated either by integration
by parts, i.e., [udv = uwv — [vdu with u = y? and dv = e Ydy, or as follows. Notice that
the integral is precisely E [Y2] = ph, the second raw moment, with Y ~ Exp (1). Because, in
general, by = p? + o2, it follows that uf = 12 + 1 = 2, recalling that the mean and variance of
an exponential distribution.

Similarly,
oo Y2
Iy (y2) = / / y3 e P dyidys = 2y210,1) (y2)
o Jo

which is the Beta (2,1) pdf. Finally,

1 Y2 1
o (ys) = /0 /0 ys € P dyrdys = Sy e T(0,00) (y3)
which we recognize as the Gam (r = 3, A = 1) pdf.
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d)

o0

iy, (W1,92) = / yse Vdys = 2 0<y <y <1,
0

which is a triangle with corners (0,0), (0,1) and (1, 1), with area 1. Clearly,

fvive,vs Ws92,43) = fyvive (W1, 92) - frs (U3)

so that they are independent.

vive (y1]y2) = w = y;l]l(ojl) (y2) L0,y (y1), which is uniform over the interval

fyz (y2)

0 <y <ya.

Solution to Problem 9.5:

a)

b)

d)

With W = X, the bivariate transformation {X,Y} — {W,Z} yields X = W,Y = Z - W and
|J] =1, so that

fw.z (w,2) = fxy (2,y) = A 2 = N2 ) (w) To,00) (2)
Thus, fz (z) = fx+v (2) = 5 fw,z (w,z) dw = 2A%¢"**](g «) (2), or the gamma density with

shape 2 and scale A~ 1.

Ix1z=2 (x| 2) = fw)z=2 (W | 2) = w = Zﬁlﬂ(o,z) ().

From the previous question,

Z Z #/2 1
Prlo-<X<=1|Z== :/ Ix1z=2 (x| 2)dx = —.
3 2 /3 6

Using the given formula,

fo(d) = /_°° Fx (d+ ) fr (v) dy

= >\2/ e ML ) (d + ) L0,00) (¥) dy,

— 00

but
0<y, ford>0,

I I -
(0,00)(d+y) (O,oo)(y)j d<y7y>02>{_d<y’ fOI‘d<O,

so that
fD (d) _ H(foo,O) (d)/ /\267>\(d+y)efkydy 4 H(O,oo) (d)/ )\267)\(d+y)€7)\ydy
—d 0

1 1 1
= 520 M(o0) () + FAe o, (d) = SAe ™,

similar to Example 9.5.

As D ~ Lap (A), the density of W = |D| should be just twice the density of D and with
support the positive real line instead of the whole real line. That is, W ~ Exp(A). More
formally, the cdf of W is given by

Fy (w) =Pr (W <w) =Pr(—w < D <w) = Fp (w) — Fp (—w),
and differentiating,
fw @) = fow)+ fo (~w) = e 4 Sae N
= e MI(g,00) ()

with expected value A71.
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f)

Let X1y = min (X,Y), X(2) = max (X,Y) and R = X(3) — X(y) denote the range of X and Y.
Then frix,,=a (1| a) = frx (1:a) / fx,, (a) with the joint density fr X(1> (r,a) obtained
from the bivariate transformation g1 = x(1), g2 = x(2) — 2(1), detJ = | } } 1 so that
frx (1,0) = fX(l) X (@,a+T1) = 2\ e 2 \e~ Mt and, differentiating (77), fxq, (@) =
n[l— Fx (a )]"_ fx (a) withn =2 or

fR,X(l) (T7 Cl) _ 2A€_)\a)\e_>\(a+r)

— — )\ —AT‘H )
fxa (@) Ihe—Nag—ra e o,00) (1)

fR|X(1):a (7“ | a) =

Solution to Problem 9.6:

a)

b)

Let n = 2, so that X5 = g5 (Y) = Y and X; = g; ' (Y) = £/Y; — Y. Splitting this into
two regions,

Jy () = [det J1| fx (w1, 22) [(—oo,0) (1) + |[det To| fx (21,72) [(0,—cc) (1),

where

5, _ [ 0m/om axl/ayﬂ =) 2 )
8@/8@/1 3:1:2/63/2 0 1

and similarly for Jo, and, in both cases, |J;| = (y1 — v3) 1/2 /2. Thus,

1 1
(y1 —v3) V2 em3(nud) 395 | same

V2m V2r

l\D\F—‘

fy (y) =
or
P ) = (-3 226‘%““]1(1,;,00) (1),
where the indicator function follows from
Vi=X{+X7 and 0< X3 <X?+X3
or 0 < Y22 <Y;. This also implies VY1 <Yy < \/}71, from which we have

Vi 1 1y, v oy —1/2
fvi (y1) =/ fy (y)dy2 = 5.€ ° / (1 —v3) " dye.
VU1 m —\/U1

From the hint,
dys = ¢ + arcsin <y2> ,

and, clearly, arcsin (1) = 7/2 and arcsin (—1) = —7/2, so that

fvi (y1) = %exp (=y1/2) L0,00) (41) 5

where the indicator follows from the definition of Y7 = E?:l X?2. Thus, as in Example 9.12,
Y1 ~ X%
This integral is, using v = (yo — ) /yo, u = (1 — v) yo, du = —ypduv,

J

. 2-1 —1/2 0 m/2—1 —1/2
/ u™2 7 (yo —u) T du = _/ (T —v)yo) (vyo) " yodv
0 1

1
yém—l)/2/ w11 (1 /271 gy
0

m-1)/25 (1 m\ _ (m-1)2D'(1/2)T (m/2)
Yo B (2» 2) = Yo W
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c) From the result using n = 2, one might guess that the general case might lead to Y7 ~ x2,
which is true. Now X; = g7 ' (Y) =Y;,i=2,...,nand X; = g; ' (Y) = £/Y1 - >, Y2
We again need to split the support of X into two regions as before, but we have seen for the
n = 2 case that the components are the same. Thus,

x(y) = 2’*]_1’71 fx (%),

where we use J~! instead of J because it is algebraically more convenient. We have

Oy1/0x1  Oy1/0xe --- Oy1/0zy, 2x1 2x9 --- 2z,
5o Oya/Ox1 Oyz/0xo -+ Oya2/0x, B 0 1 - 0
OYn/0x1 OYn/Ox2 -+ Oyn/0T, 0 o .- 1

with determinant |J~!| = 22y = 24/Y; — >, ¥;2. Then, defining

for convenience, }Jfllfl = D71/2/2 and

fr(y)=2- %D‘I/Q G ;m exp {—; (D + Zy2> } Isy (y)
™ i=2

—1/2

e g, (y). (S-9.1)

(To check, with n = 2 and no indicator functions, this reduces to

—1/2 ie*%yl

2T

e Wi,y2) = (y1 — v3)

which agrees with the direct derivation above.)
Inserting D into (S-9.1) and setting up the integral,

1
2

IS S A _ - 2 ) dys - - d :
Ivi (Y1) (27r)"/26 / /s <y1 ;yz> Y2 Yn, (S-9.2)

where

n
8:{(y2,...,yn)€]R"_l:O<Zyi2<y1}.

i=2
We wish to apply Liouville’s result to the integral

1
2

I:/~~~/ (ylzﬁ) dys - - dyn,
s i=2

1
2

I=/---/ (yo—z.y?> dyy -+ - dym,
S i=1

m
§= {(ylv---7y7n) ERmO<Zy12 <y0}

=1

which we rewrite as

where

and m = n — 1. This is almost in the form of (9.13) when taking p;, = 2 and a; = b; =1, i =
1,...,m, (so that r; = 1/2 and R =m/2) as well as t; =0, to = yo and f (u) = (yo — u)_1/2.

P
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The problem is that the condition z; > 0 in (9.13) is not fulfilled. However, what we can

compute is
m 7%
I/:/"'/ (3102%2) dyy -+ dym,
S/

=1
where
S = {(yl,...,ym) ERT:0<Y <yo},
=1

i.e., each y; is restricted to be positive. Then, via the symmetry of the standard normal
distribution about zero and the fact that each y; enters the function f as y?, we see that
I =2m]". Now, using (9.13),

1/2)" gm/2 vo _ ~1/2 nm/?
[ gmp —ogmDTTNE L ey N2 g
Ftmy v o =

where the integral J was shown above to be

R ey

Then, recalling that m =n — 1,

72 2D (1/2)T(m/2) 7 e
T T(m/2)% T(m+1)/2) T(n2)"

Renaming yo back to y1, (S-9.2) gives

6,y1/2 7_[_71/2 /21 1 -
_ e T on - - —y1/2 n/2-1
vy (Y1) (277)”/2 T (n/2) Y1 2n/27 (n/2) € Y1

3

which is the x2 density.

Solution to Problem 9.7:
a) It follows directly from (A.166) and (9.1) that fre (r,0) = rfxy (z,y), which yields (9.14).
b) From (7.65), this is

dr

fs(s)=fr(r) Is

2 (1 1
—re " /2 (28 1/2> T0,00) (51/2) =3¢ /2]1(0,00) (s),

so that S ~ Exp (1/2).

¢) For positive u,

Pr(—2InU; < u)

Pr(lnU; > —u/2) = Pr (Uy > exp (—u/2))
= 1—exp(-u/2),

which is the survivor function of an Exp (1/2) random variable.

d) As the inverse of the polar coordinate transformation is X = Rcos© and Y = Rsin O, two iid
N (0,1) r.v.s can be generated by setting

X = Rcos® = VR2cos© = /—2InUj cos (2rU3)
and similarly for Y, which yield (9.9).
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Solution to Problem 9.8: From Example 9.3, S ~ Gam (n, ). We now show that S | (X; = z) is a
location shifted gamma random variable: With Z = >"" , X; ~ Gam (n — 1,A) and Y = (S| X;) =
(Z 4+ z), a simple transformation gives

dz An—l1

e _ oa\(n=1)=1 —X(y—z)
dy T(n-1) (=) ¢ '

fy (y) = fz (2)

From Bayes’ theorem and the fact that X; < .5, we obtain

n—1 n—2 _ _ _
fsix, (s]2) fx, (¥) F?nq) (s —a)" e MmN

fS (S) - Am gn—le—Xs

Ixis (| s)

n—1

= (s — x)n_Q To,s) (), n>1.

For the expected value, use substitution u = s — = to get

n — ]. s n—2 n — ]- 0 n—
EX,|S=s] = 5"7—1/0 z(s—x) dm:—sni_l/s(s—u)u 2du
—1 —1/* — 1"
- I 15/ u"fzdufn T / u"ildu:sfn ls—ff.
s"= 0 s Jo st on n
Similarly, the distribution function is
¢
Fx,s(t) = / fxiis (@] 8) L0, (8) dov + L[5 00) ()
0
(s—t)" "

= 1- ?H(O,S) (t) + s 00) (T) -
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